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Abstract
The present work is concerned with the behaviour of one-loop electroweak corrections
at high energies. By high energies we mean the energy range above the electroweak scale,
E ≫ MW, which will be explored by the future particle colliders such as the LHC or
an e+e− linear collider. In this regime, radiative corrections are dominated by double or
single logarithms of the ratio of the energy scale to the weak gauge-boson masses. These
contributions increase with energy, and at energies E = 0.5−1TeV they typically amount
to 10 percent corrections to the lowest-order predictions.
In this PhD thesis we investigate the virtual part of the electroweak one-loop correc-
tions. Infrared-finite predictions can be obtained by including the well-known soft-photon
Bremsstrahlung corrections.
We consider electroweak processes involving arbitrary external particles including chi-
ral fermions, Higgs bosons, transverse and longitudinal gauge bosons. However, we restrict
ourselves to those processes that are not mass-suppressed in the high-energy limit. In this
case the logarithmic electroweak corrections are universal, in the sense that they can be
determined in a process-independent way. The key feature is that they originate from re-
stricted subsets of Feynman diagrams and from specific regions of loop momenta, so-called
leading regions.
The main part of this work is dedicated to the logarithmic mass singularities. These
are restricted to Feynman diagrams involving virtual electroweak gauge bosons γ,Z and
W± coupled to external particles, and originate from the region where the momenta of
the virtual gauge bosons are soft and/or collinear to an external momentum. They are
evaluated within the ’t Hooft–Feynman gauge.
We first determine the double-logarithmic mass singularities originating from soft and
collinear virtual gauge bosons exchanged between pairs of external particles. To this end
we use the well-known eikonal approximation. The resulting double logarithms depend on
the centre-of-mass energy as well as on the scattering angles.
Then, we determine the single logarithms that originate from collinear or soft virtual
gauge bosons. In particular, we proof the factorization of collinear mass singularities
originating from loop diagrams involving collinear virtual gauge bosons coupled to external
particles. As basic ingredients for this proof we derive specific Ward identities that we call
collinear Ward identities. These identities relate Green functions with arbitrary external
particles involving a gauge boson collinear to one of these. They are derived from the BRS
invariance of the spontaneously broken electroweak gauge theory.
We discuss in detail high-energy processes involving longitudinally polarized gauge
bosons. These are treated using the Goldstone-boson equivalence theorem, taking into
account the mixing between gauge bosons and would-be Goldstone bosons that occurs in
higher orders. In this context, we stress the role of the broken sector of the theory above
the electroweak scale.
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The remaining large logarithmic corrections result from the renormalization of the
dimensionless parameters, i.e. the gauge couplings, the top-quark Yukawa coupling, and
the scalar self-coupling, at the scale MW.
Finally, we apply our generic results in analytical and numerical form to following
simple scattering processes: e+e− → f f¯ , e+e− → W+W−, e+e− → ZZ,Zγ, γγ and d¯u →
W+Z,W+γ.
In all derivations we use the mass-eigenstate fields of the electroweak theory, taking
care of the mixing between the gauge-group eigenstates. To this end, we transform the
generic gauge-group generators and other group-theoretical quantities in the basis of the
mass-eigenstate fields. This is described in the appendices, where also the Feynman rules
and the BRS transformations are presented in generic form.
ii
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Chapter 1
Introduction
1.1 Precision tests of the Electroweak Standard Model at
high energies
The Glashow–Salam–Weinberg model [1], known as the Electroweak Standard Model
(EWSM), describes the electromagnetic and the weak interactions through a gauge the-
ory with the symmetry group SU(2)w ×U(1)Y that is spontaneously broken into U(1)em.
Since its birth in 1967 up to the present days, the model has been developed and tested
through an intense dialogue between theory and experiment. Here, we briefly mention the
most significant measurements performed in the last decade at the high-energy colliders
SLC, LEP, and Tevatron. In these experiments the gauge structure of the electroweak
interactions predicted by the model has been directly tested at a high level of accuracy.
• The masses and decay widths of the weak gauge bosons Z and W, as well as their
couplings to leptons and hadrons have been measured with precision between the
percent and the permille level or even better.
• The top quark has been discovered and the direct measurement of its mass has
confirmed the indirect determination obtained from electroweak precision data.
• The non-abelian triple interactions of gauge bosons have been directly observed in
gauge-boson pair-production events. The corresponding couplings have been mea-
sured at the few-percent level of precision.
• The direct investigation of quartic gauge-boson interactions through events with
three gauge bosons in the final state is at the beginning.
At the present time, global fits of all high-energy electroweak observables show no signifi-
cant deviation from the predictions of the EWSM.
Despite this great experimental success, the model remains untested in one of its most
interesting aspects: the generation of the gauge-boson and the fermion masses through
the mechanism of spontaneous symmetry breaking, also known as the Higgs–Kibble mech-
anism [2]. This theoretical construction is of vital importance for the predictive power
of the EWSM since it represents the only known way to accommodate gauge-boson and
fermion masses within the model without spoiling its renormalizability [3]. To this end
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one postulates the existence of a scalar Higgs boson that acquires a non-vanishing vacuum
expectation value and generates the masses of the particles through gauge and Yukawa
interactions.
Up to the present days, apart for a controversial excess of events measured at the end
of LEP2 [4] which points to a Higgs mass MH ≈ 115GeV, the Higgs boson has escaped
direct observation. The lower bound for the Higgs mass has reached 113GeV, and the
upper bound obtained from electroweak precision data is at 212GeV, with 95% confidence
level [5].
In the next decade, a new generation of high-energy experiments will enable us to
observe or exclude the Standard Model Higgs boson and to clarify the nature of symmetry
breaking. These experiments will investigate quark and lepton collisions in a range of
centre-of-mass energies up to the TeV scale, starting with run II of the Tevatron (pp¯
collisions at 2 TeV), continuing at the LHC [6] (pp collisions at 14 TeV) and possibly at
an e+e− linear collider (LC) [7] (see for instance the TESLA project [8] of a 500–800 GeV
collider). The following direct observations and measurements are among the objectives
of these future experiments:
• the observation of the Higgs boson and the measurement of its properties: mass and
spin,
• the investigation of the Higgs interactions with gauge bosons and fermions,
• the determination of the form of the Higgs potential and the measurement of its
parameters,
• direct measurements of the quartic gauge-boson self-interactions,
• improved precision tests of the EWSM.
A key feature of the planned colliders will be their high luminosity that guarantees an
experimental precision at the percent (LHC) and up to the permille (LC) level. Experi-
mental measurements of high precision have to be compared with theoretical predictions
at the same level of accuracy. In perturbative quantum field theory this requires the
evaluation of higher-order contributions, so-called radiative or loop corrections, up to the
needed level of accuracy.
Radiative corrections represent a challenge that involves highly non-trivial computa-
tions and at the same time an opportunity to access and to investigate deep aspects of the
theory. In fact, loop corrections represent quantum fluctuations and permit to test the
theory at the quantum level. Furthermore, they are sensitive to all sectors of the theory,
including the Higgs sector or new physics. This permits to extract indirect informations
about particles that are not directly accessible. We also stress that radiative corrections
play a crucial role in the search of direct signals of new physics which can be disentangled
from the Standard Model background only if this latter is known with sufficient accuracy.
Analytical techniques and numerical implementations for the evaluation of electroweak
corrections have been developed and improved under the boost of the experimental progress.
At the one-loop level, a complete and well-defined scheme exists [9, 10] for the algebraic
reduction and analytical evaluation of generic loop integrals. Specific computer codes have
been developed for almost all 4-particle processes. For reactions involving more than 2
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particles in the final state a lot of work remains to be done. Here, the major difficulty
concerns the large number of loop diagrams that are characterized by a complex alge-
braic and analytic structure and by large gauge cancellations. At the two-loop level, no
universal recipe is available for the evaluation of generic loop integrals. Some two-loop
contributions have been computed, for instance for the muon decay [11], but for the time
being no complete two-loop calculation has been performed.
In view of the future high-energy experiments, increasing interest has been recently
devoted to the study of universal logarithmic electroweak corrections in the energy range
above the electroweak scale. An overview of the literature existing in this field is given
in Sect. 1.3. The aim of the present work is to investigate these universal electroweak
corrections at the one-loop level and for arbitrary processes. Our goals are
• to provide an high-energy approximation of the one-loop corrections that can reduce
the theoretical error to the few-percent level,
• to have analytical results that are process-independent, easy to implement, and nu-
merically stable; these results can also be used to check explicit one-loop calculations,
• to gain physical insight into the leading part of the electroweak corrections above the
electroweak scale, taking special care of the effects that are related to spontaneous
symmetry breaking.
The approach that we adopt and the formalism that we develop should also provide a
basis for the investigation of universal two-loop corrections.
1.2 Universal logarithms in electroweak radiative correc-
tions
In the LEP regime, at energies
√
s ∼MZ, electroweak radiative corrections are dominated
by large electromagnetic effects from initial-state radiation, by the contributions of the
running electromagnetic coupling, and by the corrections associated with the ρ parameter.
These corrections, relative to the lowest-order predictions, typically amount to 10%. In the
energy range above the electroweak scale,
√
s ≫ MW, new leading contributions emerge:
double-logarithmic (DL) terms of the form α log2 (s/M2W) (known as Sudakov logarithms
[12]) and single-logarithmic (SL) terms of the form α log (s/M2W) involving the ratio of the
energy to the electroweak scale (see the references in Sect. 1.3).
For electroweak processes that are not mass-suppressed at high energies, these log-
arithmic corrections are universal, i.e. in contrast to the non-universal non-logarithmic
terms, they can be evaluated in a process-independent way. On one hand, single loga-
rithms originating from short-distance scales result from the running of the dimensionless
parameters, i.e. the gauge, Yukawa, and scalar couplings, from the scaleMW to the energy
scale
√
s. On the other hand, universal logarithms originating from the long-distance scale
MW ≪
√
s are expected to factorize, i.e. they can be associated with external lines or
pairs of external lines in Feynman diagrams. They consist of DL and SL terms originating
from soft and collinear and collinear or soft gauge bosons, respectively, coupled to external
particles. These logarithmic corrections originating from long-distance effects are called
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soft and/or collinear singularities or mass singularities, since they are singular in the limit
of massless gauge-bosons and massless external particles.
In gauge theories with massless particles, such as massless QED and QCD, the soft
and/or collinear singularities give rise to infinities in the virtual corrections. However,
these infinities are cancelled by the contribution of real soft and/or collinear gauge-boson
radiation. The real corrections need to be included in the definition of physical observables,
since soft and/or collinear massless gauge bosons are degenerate with the massless external
states and cannot be detected as separate particles.
In the EWSM owing to the finite masses of the weak gauge bosons, the virtual cor-
rections originating from soft and/or collinear Z- and W-bosons give rise to large but not
infinite logarithmic contributions. Moreover, the Z- and W-boson masses provide a physi-
cal cut-off for real weak-boson emission, and for a sufficiently good experimental resolution
the massive gauge bosons can be detected as separate particles. Therefore, soft and/or
collinear weak-boson radiation need not be included and, except for the electromagnetic
infrared divergences, the large logarithms originating from virtual electroweak corrections
are of physical significance.
The logarithmic electroweak corrections grow with energy. At energies
√
s = 0.5–
1TeV, the typical size of the DL and SL terms is given by
α
4πs2
W
log2
s
M2W
= 3.5− 6.6%, α
4πs2
W
log
s
M2W
= 1.0 − 1.3%, (1.1)
where s2
W
∼ 0.22 is the squared sine of the weak mixing angle. Furthermore there are DL
terms of the type
α
4πs2
W
log
(
1± cos θkl
2
)
log
s
M2W
(1.2)
which depend on the angles θkl between the initial- and the final-state momenta. These
terms are comparable to the SL terms if 75◦ < θkl < 105◦ and twice as large at θkl ≈
90◦ ± 45◦. If the experimental precision is at the few-percent level like at the LHC,
both DL and SL contributions have to be included at the one-loop level. In view of
the precision objectives of a LC, between the percent and the permille level, besides the
complete one-loop corrections also higher-order effects have to be taken into account. The
DL contributions represent a leading and negative correction, whereas the SL ones often
have opposite sign. In the TeV range, the SL terms are numerically of the same size as the
DL terms and the compensation between DL and SL corrections can be quite important.
Depending on the process and the energy, the SL contribution can be even larger than the
DL one.
1.3 Existing literature
The appearance of large logarithms in the high-energy limit of the electroweak corrections
is known since many years (see, for instance, Refs. [13, 14]). Their systematic investigation
has started in the last few years and in the following we give a short survey of these recent
developments. A review on the recent literature can also be found in Ref. [15].
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1. One-loop level
Concerning the one-loop logarithmic corrections two different strategies have been adopted.
On one hand, various results have been extracted from existing and complete one-loop
calculations in the high-energy limit. On the other hand, the origin and universal nature
of the logarithmic contributions have been clarified and their generalization to arbitrary
electroweak processes has been established.
– Beenakker et al. have evaluated the high-energy limit of the complete electroweak
corrections to the process e+e− →W+W− in Ref. [14].
– The logarithmic corrections to e+e− → f f¯ have been treated in the following pa-
pers using explicit high-energy expansions for vertex and box diagrams. Ciafaloni
and Comelli have pointed out the role of the Sudakov DL corrections and discussed
their origin in Ref. [16]. Beccaria et al. have considered the complete logarithmic
corrections and studied their impact on various observables: first for the case of
light-fermions [17] and then for bottom- [18] and top-quarks [19] in the final state; in
Refs. [19, 20] they have also included SUSY logarithmic corrections, and in Ref. [21]
they have shown that, at CLIC energies (3TeV), the tan β-dependence of SUSY log-
arithmic corrections to e+e− → tt¯ can be exploited for a determination of tan β;
finally in Ref. [22] they have pointed out the importance of the angular-dependent
contributions.
– Layssac and Renard [23] have evaluated the complete logarithmic corrections for the
process γγ → f f¯ including the case of heavy-quark production and considering also
SUSY contributions.
– In this PhD thesis, we present a complete and process-independent analysis of one-loop
logarithmic electroweak corrections. We consider all sources of logarithmic correc-
tions: the exchange of soft and/or collinear gauge bosons as well as the renormaliza-
tion-group running of the gauge, scalar and Yukawa couplings. In particular, we
prove the factorization of collinear mass singularities. The results are summarized
in simple analytic formulas for the double, single and angular-dependent logarithmic
corrections to arbitrary electoweak processes. We also present analytical and numer-
ical applications for the following processes: e+e− → f f¯ , e+e− →W+W−,ZZ,Zγ, γγ
and d¯u → W+Z,W+γ. In this work, in addition to the results already published in
Refs. [24, 25], we also consider the logarithmic Higgs-mass and top-mass dependence
in the large MH,mt limit including all contributions of the form α log
n (MH/MW)
and α logn (mt/MW), with n = 1, 2.
– The general method developed in Refs. [24, 25] has been applied in Ref. [26] to
study the electroweak logarithmic corrections to WZ and Wγ production at the
LHC. The corrections to the complete hadronic processes pp → W±γ → lνlγ and
pp → W±Z → lνl l¯′l′ have been implemented in leading-pole approximation. It has
been checked that, in the region of large transverse momentum of the gauge bosons,
the leading-pole approximation represents a sufficiently precise approach to evaluate
the corrections for the LHC. In this region, the logarithmic electroweak corrections
lower the theoretical predictions by 5–20%.
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2. Resummation to all orders
The extension of the one-loop logarithmic corrections to higher orders has been studied by
means of resummation techniques that were derived within QCD. These techniques have
been applied to the electroweak theory in the symmetric phase. Leading contributions of
order αn log2n (s/M2W), subleading contributions of order α
n log2n−1 (s/M2W), and recently
also sub-subleading contributions of order αn log2n−2 (s/M2W) have been studied.
– Fadin et al. [27] have resummed the leading contributions by means of the infrared
evolution equation. Using the splitting function formalism, Melles has extended this
approach to the subleading level considering processes involving fermions, transverse
gauge bosons [28], would-be Goldstone bosons and Higgs bosons [29]; the effect of
the running gauge couplings at the subleading level has been discussed in [30]. A
review on these works can be found in Ref. [31]. Recently, a generalization including
the resummation of angular-dependent logarithmic corrections has been proposed
Ref. [32].
– Ciafaloni and Comelli have resummed the leading contributions applying the method
of soft gauge-boson insertions. At first they have considered the decay Z′ → f f¯ of
an SU(2) × U(1) singlet [33]. Then they have investigated fully inclusive scattering
processes that are initiated by fermions [34], transverse gauge bosons [35] and longi-
tudinal gauge-bosons [36, 37]. In this context they have pointed out the existence of
violations of the Bloch–Nordsieck cancellations between virtual and real weak correc-
tions. These effects originate from the SU(2) non-singlet nature of the initial states as
well as from mixing between weak-hypercharge-eigenstates [36]. Very recently, they
have proposed an ansatz for the resummation of subleading logarithmic corrections
to inclusive cross sections [38].
– Ku¨hn et al. have considered the process e+e− → f f¯ in the limit of massless fermions
and have used evolution equations to resum all logarithmic corrections including the
angular-dependent ones: first at the leading and subleading level [39], and recently
up to the sub-subleading level [40], including the constant one-loop terms. At TeV
energies, large cancellations between the leading, subleading, and sub-subleading
two-loop contributions have been observed.
3. Explicit two-loop calculations
Explicit electroweak calculations at the two-loop level are crucial in order to check the
reliability of the resummation techniques. At the present time only few results at the
leading two-loop level are available.
– The corrections to the decay g → fκ f¯κ of an SU(2)×U(1) singlet into massless chiral
fermions have been evaluated in the abelian case κ = R by Melles [41] and in the
non-abelian case κ = L by Hori et al. [42].
– Beenakker and Werthenbach have developed a Coulomb gauge-fixing for massive
gauge bosons [43] that permits to isolate leading higher-order logarithms into self-
energy diagrams. This approach applies to arbitrary processes. Explicit two-loop
results for the processes e+e− → f f¯ have been given in Ref. [44]. Very recently, the
calculation of leading two-loop logarithms for processes involving arbitrary external
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particles, i.e. fermions, longitudinal gauge bosons, Higgs bosons and transverse gauge
bosons has been completed [45].
These two-loop computations for fermionic processes are in agreement with the predictions
obtained in Ref. [27] by resumming the one-loop results.
1.4 Spontaneous symmetry breaking and high-energy limit
In this section we want to explain our approach to the high-energy behaviour of the
spontaneously broken electroweak theory. In particular, we want to emphasize the role of
gauge symmetry in the high-energy limit of the spontaneously broken theory, and discuss
the relation to an unbroken theory, where gauge symmetry is exact.
As can be seen in the detailed derivations in Ch. 3 and Ch. 4, the universality of the
long-distance logarithmic corrections arises from approximate charge-conservation rela-
tions and Ward identities for the electroweak matrix elements in the high-energy limit.
With other words, universality is provided by approximate gauge symmetry in the high-
energy limit.
It is important to note that these crucial symmetry relations are valid only in approx-
imate form and for matrix elements that are not mass-suppressed, i.e. matrix elements
(with mass dimension d) that scale as Ed in the high-energy limit E ≫ MW. The ap-
proximate symmetry relations are violated by mass-suppressed contributions of the order
MnWE
d−n, n > 0, and these latter cannot be neglected if the matrix elements themselves
are mass-suppressed.
To illustrate our approach to electroweak loop corrections in the high-energy limit, let
us consider the electroweak Lagrangian (see Appendix C)
Lew = Lsymm + Lv (1.3)
consisting of a part Lv, which contains couplings with mass-dimension proportional to the
vacuum expectation value (vev) v of the Higgs field1, and a remaining manifestly symmet-
ric part Lsymm, which corresponds to a vanishing vev and depends only on dimensionless
parameters. In the high-energy limit, it is natural to expect a correspondence between
the spontaneously broken electroweak theory Lew and the unbroken SU(2)×U(1) theory
Lsymm. This correspondence provides a useful intuitive picture. We stress however, that
we do not assume it a priori as it has been done in the literature (see point 2 in Sect. 1.3,
and in particular Ref. [29]) since we want to verify it. To this end we proceed as follows.
We first derive the electroweak logarithmic corrections within the complete spontaneously
broken theory Lew. Then, in the high-energy limit, we isolate that part of the results that
exhibits a universal and SU(2)×U(1)-symmetric form. This symmetric part of the results
will naturally indicate the correspondence between the high-energy broken theory and the
unbroken one, whereas the remainig non-symmetric part will indicate effects originating
from Lv.
This approach is motivated by the following important features that distinguish the
high-energy electroweak theory from an unbroken SU(2)×U(1) theory.
1Also the negative mass term in the Higgs potential, with coefficient µ2 = λH
4
v2 is part of Lv.
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1. The mixing between the gauge-group eigenstates
Owing to symmetry breaking, the physical mass eigenstates originate from mixing between
the gauge-group eigenstates. Obviously, we are interested in matrix elements involving the
physical mass eigenstates and not the gauge-group eigenstates. At the same time we want
to keep our formalism as symmetric as possible, so that invariants of the gauge group, such
as the Casimir operator or the coefficients of the beta functions can be easily recognized
in the final results. To this end, in the Feynman rules (see Appendix C) and in the gauge
transformations (see Appendix D), the generators of the gauge group are expressed in
their generic matrix form. Mixing is implemented in a natural way by transforming the
generators and all other group-theoretical quantities in the basis corresponding to the
mass-eigenstate fields (see Appendix B).
2. The definition of the asymptotic states and of the parameters at physical mass scales
Symmetry breaking introduces a fundamental mass scale in the theory, and generates
the physical masses of the particles. These masses enter the definition of the on-shell
asymptotic states as physical renormalization scale. In particular, they enter the field
(or wave-function) renormalization constants, which must be fixed such that the on-shell
asymptotic fields have the correct normalization and do not mix. For the definition of the
fields and of the paramaters we adopt the on-shell scheme [46], where the renormalized
fields correspond to physical fields and all parameters are related to the electromagnetic
coupling constant and to the masses of the particles.
3. The gap between the gauge-boson masses
Another non-trivial feature emerging from symmetry breaking is the gap between the
photon mass and the weak scale MW. Owing to this gap, electroweak corrections are
manifestly non-symmetric at low energies, where they are often splitted into an electro-
magnetic part (photon loops) and a remaining weak part. At high-energies, instead, it
is more convenient to adopt a different splitting of the corrections, which reflects the
SU(2)×U(1) symmetry. For this reason we distinguish a part originating from above the
electroweak scale, which is called symmetric electroweak (ew) part, from a remaining part
originating from below the electroweak scale, which is called pure electromagnetic (em)
part. This splitting is done only in the final logarithmic results. In practice, the loga-
rithms resulting from the electromagnetic and from the Z-boson loops are splitted into
two parts: the contributions corresponding to a fictitious heavy photon and a Z-boson
with mass MW are added to the W-boson loops resulting in the “symmetric electroweak”
(ew) contribution. The large logarithms originating in the photon loops owing to the gap
between the electromagnetic and the weak scale are denoted as “pure electromagnetic”
(em) contribution. The remaining logarithms originating from the difference between the
Z-boson mass and the mass of the W-boson are given separately.
4. The presence of longitudinal gauge bosons as physical asymptotic states
Longitudinally polarized gauge-boson states are not present in a symmetric gauge the-
ory and represent a characteristic feature of spontaneous symmetry breaking. They arise
together with gauge-boson masses in the Higgs mechanism [2] owing to the gauge interac-
tions of the vacuum. In the high-energy limit, longitudinal gauge bosons are related to the
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corresponding unphysical components of the scalar doublet, the so-called would-be Gold-
stone bosons, via the Goldstone-boson equivalence theorem (GBET) [47]. This represents
a non-trivial correspondence between longitudinal gauge bosons in the broken theory and
would-be Goldstone bosons in the unbroken theory. Here we stress the following:
• the correspondence can be established only in one direction starting from the broken
theory, because the GBET follows from Ward identities of the spontaneously broken
theory and is based on Lv.
• The well-known lowest-order form of the GBET is modified by non-trivial higher-
order corrections [48]. These corrections are related to mixing-energies between lon-
gitudinal gauge bosons and would-be Goldstone bosons that originate from Lv.
A detailed discussion is given in Sect. 2.3.
1.5 Content and organization
The universal one-loop results for high-energy electroweak DL and SL corrections and
application to simple processes have been published in Ref. [24]. In Ref. [25] we have
presented the proof of factorization of collinear mass singularities and the derivation of
the collinear Ward identities. In addition to the content of these papers, in this thesis we
include all universal logarithms log (mt/MW), log (MH/MW) depending on the top and
Higgs masses, and we apply our results also to the processes d¯u→W+A and d¯u→W+Z.
The content is organized as follows. In Ch. 2 we fix our basic notation and conventions,
we define the logarithmic approximation, we discuss the Goldstone-boson equivalence the-
orem and describe the form and origin of universal logarithmic corrections. The DL mass
singularities are treated in Ch. 3, where we show that they originate from soft-collinear
gauge bosons coupling to external legs and we evaluate them using the eikonal approxi-
mation.
Chapters 4 to 6 concern the SL mass singularities that are related to the external
particles. In Ch. 4 we treat the contributions originating from loop diagrams: we show
that they are restricted to those diagrams involving collinear virtual gauge bosons coupling
to the external legs, and we prove that they factorize. The derivation of the collinear
Ward identities used for this proof is postponed to Ch. 6. In Ch. 5 we give the SL mass
singularities originating from wave-function renormalization as well as the corrections to
the GBET. These contributions are combined with the contributions presented in Ch. 4
to form a gauge-invariant result.
The logarithmic corrections originating from parameter renormalization are presented
in Ch. 7. Finally, in Ch. 8, we discuss some applications of our general results to simple
specific processes and present numerical evaluations.
In the appendices we define all generic quantities appearing in our formulas. In
Appendix A we fix our conventions for Green functions and vertex functions. All needed
group-theoretical quantities are given in Appendix B in the basis of mass-eigenstate fields.
The Feynman rules and the BRS transformations of the fields are given in generic form
in Appendix C and Appendix D, respectively. In Appendix E we show that in the case of
transverse gauge-boson production the large logarithms originating from parameter renor-
malization and the SL mass singularities associated with the final transverse gauge bosons
9
compensate each other. Those 2-point functions that enter the field-renormalization con-
stants are listed in Appendix F in logarithmic approximation.
The content of each chapter is summarized in the corresponding introduction.
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Chapter 2
Universal logarithmic corrections
at high energies
In this chapter we introduce our basic notation, we define the high-energy (logarithmic)
approximation, and specify our approach to logarithmic corrections at high-energies. In
particular, we introduce the Goldstone-boson equivalence theorem (GBET), which is used
for the description of longitudinal gauge bosons in the high-energy limit. Finally, we
discuss the form and origin of the universal logarithmic corrections.
2.1 Notation and conventions
Our notation for fields and particles is as follows. Chiral fermions and antifermions are
denoted by fκj,σ and f¯
κ
j,σ, respectively, where f = Q,L corresponds to quarks and leptons.
For fermionic fields we use the symbol Ψ instead of f , which is used for fermionic particles.
The chirality is specified by κ = R,L. The index σ = ± determines the weak isospin, and
j = 1, 2, 3 is the generation index. The gauge bosons are denoted by V a = A,Z,W±,
and can be transversely (T) or longitudinally (L) polarized. The components of the scalar
doublet are denoted by Φi = H,χ, φ
± and consist of the physical Higgs particle H and the
unphysical would-be Goldstone bosons χ, φ±, which are used to describe the longitudinally
polarized massive gauge bosons ZL and W
±
L with help of the GBET. The above fields (or
particles) are collectively represented as components ϕi of one multiplet ϕ.
As a convention, we consider electroweak processes1
ϕi1(p1) . . . ϕin(pn)→ 0, (2.1)
involving n arbitrary incoming particles ϕi1 , . . . , ϕin with incoming momenta p1, . . . , pn.
The predictions for general processes,
ϕi1(p
in
1 ) . . . ϕim(p
in
m)→ ϕj1(pout1 ) . . . ϕjn−m(poutn−m), (2.2)
1Note that in the notation we use to denote scattering processes like (2.1), the symbol ϕi(p) has to be
understood as the particle associated to the field ϕi, and p specifies the corresponding momentum. This is
in contrast with our usual notation, where ϕi(p) denote the Fourier component of a quantum or classical
field.
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can be obtained by crossing symmetry from our predictions for the n→ 0 process
ϕi1(p
in
1 ) . . . ϕim(p
in
m)ϕ¯j1(−pout1 ) . . . ϕ¯jn−m(−poutn−m)→ 0, (2.3)
where ϕ¯i represents the charge conjugate of ϕi. Thus, outgoing particles (antiparticles)
are substituted by incoming antiparticles (particles) and the corresponding momenta are
reversed. These substitutions can be directly applied to our results.
The matrix element for the process (2.1) is given by
Mϕi1 ... ϕin (p1, . . . , pn) = Gϕi1 ... ϕin (p1, . . . , pn)
n∏
k=1
vϕik (pk). (2.4)
On the right-hand side (rhs), we have the Green function2 G contracted with the wave
functions vϕik (pk) of the external particles. These latter equal 1 for scalars and are given
by the Dirac-spinors for fermions and the polarization vectors for gauge bosons. The field
arguments of the Green function G are underlined. This indicates that the corresponding
external legs are truncated. This and other conventions for Green functions are listed in
Appendix A. The lowest-order (LO) matrix elements are denoted by M0.
The generators of the SU(2)×U(1) gauge group are denoted by IV a . In terms of the
electric charge Q and weak isospin T a they are given by
IA = −Q, IZ = T
3 − s2
W
Q
sWcW
, I± =
T 1 ± iT 2√
2sW
(2.5)
and depend on the sine sW = sin θw and cosine cW = cos θw of the weak mixing angle θw,
which are fixed by c2
W
= 1− s2
W
=M2W/M
2
Z.
Infinitesimal global transformations of the fields ϕi are determined by the matrices
IV
a
ϕiϕi′
in the corresponding representation and read
δϕi = ie
∑
V a=A,Z,W±
∑
ϕi′
IV
a
ϕiϕi′
δθV
a
ϕi′ , (2.6)
where δθV
a
are the infinitesimal gauge parameters. The generators (2.5) determine the
gauge couplings. To be precise, the matrices ieIV
a
ϕiϕi′
are the couplings corresponding to
the gauge vertices V aϕ¯iϕi′ , where all fields are incoming.
The explicit form of the generators and other group-theoretical quantities is given in
Appendix B, and a detailed list of the Feynman rules can be found in Appendix C.
2.2 High-energy limit and logarithmic approximation
For the process (2.1), we restrict ourselves to following kinematic region. The external
momenta are considered to be on shell, p2k =M
2
ϕk
, whereas all other invariants are assumed
to be much larger than the gauge-boson masses,(
N∑
l=1
pkl
)2
∼ s≫M2W, 1 < N < n− 1, kl 6= kl′ for l 6= l′. (2.7)
2 Note that the wave-function renormalization factors that usually appear on the rhs of (2.4) have been
set equal to one, since we assume that the renormalized on-shell fields correspond to physical fields, i.e.
that they have been normalized such that the residues of the corresponding propagators equal 1.
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This corresponds to high centre-of-mass energy E =
√
s ≫ MW and not too small scat-
tering angles. In this region, matrix elements can be expanded in the small parameters
Mi/E ≪ 1, where Mi represent the various mass scales that enter the matrix element.
As already stressed in the introduction, we restrict ourselves to processes with Born
matrix elements that are not mass-suppressed, i.e. of order3
Mϕi1 ...ϕin0 (p1, . . . , pn) ∼ Ed, (2.8)
where d is the mass dimension of the matrix element. At one-loop level, we restrict our-
selves to double (DL) and single (SL) logarithmic mass-singular corrections, i.e. corrections
of the order
δDLMϕi1 ...ϕin (p1, . . . , pn) ∼ EdL,
δSLMϕi1 ...ϕin (p1, . . . , pn) ∼ Edl, (2.9)
where L and l represent double and single logarithms of the form
L(|rkl|,M2i ) :=
α
4π
log2
|rkl|
M2i
, l(|rkl|,M2i ) :=
α
4π
log
|rkl|
M2i
, (2.10)
depending on different masses Mi and invariants
rkl = (pk + pl)
2 ≈ 2pkpl ≫M2W. (2.11)
In the high-energy and fixed-angle limit, the contribution of order (2.9) represent the
leading part of the one-loop corrections. This part is universal, i.e. it can be predicted in a
process-independent way. The remaining part, instead, is in general non-universal and will
be neglected. In particular, we do not consider mass-suppressed logarithmic contributions
of the order MnWE
d−nL and MnWE
d−nl with n > 0. We also neglect all corrections of the
order αEd, i.e. corrections that are constant relative to the Born matrix element.
The logarithms (2.10) originating from various Feynman diagrams (and counterterms),
depend on different energy scales rkl and mass scales Mi, as well as on the scale µ intro-
duced by dimensional regularization4. These scales are characterized by following hierar-
chy
µ2 = s ∼ rkl ≫ m2t ,M2H > M2W ∼M2Z ≫ m2f 6=t ≫ λ2, (2.12)
where the lightest scale λ corresponds to the fictitious photon mass used to regularize
infrared (IR) singularities, mf 6=t denotes light-fermion masses, and we have set µ2 = s.
The choice of the scale µ is free, since the S matrix in independent of µ. We choose
µ2 = s so that we can restrict ourselves to the mass-singular logarithms log (µ2/M2i ) or
log (s/M2i ), whereas the logarithms log (µ
2/s) originating from loop diagrams that are not
mass-singular can be neglected.
In order to organize all one-loop results in the most symmetric way, we split all loga-
rithms into a “symmetric electroweak” (ew) part given by logarithms of the ratio between
3Obviously, for a precise Born-level prediction the exact matrix elements have to be used, including all
mass terms.
4Note that µ does not correspond to the scale of renormalization.
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the energy and the electroweak scale and a remaining part. To be precise, all double and
single logarithms of the type (2.10) are written in terms of
L(s) :=
α
4π
log2
s
M2W
, l(s) :=
α
4π
log
s
M2W
, (2.13)
plus remaining logarithms of mass ratios and ratios of invariants.
• All DL contributions proportional to L(s) and l(s) log(|rkl|/s) as well as the SL
contributions proportional to l(s) are called “symmetric-electroweak” (ew) contri-
butions. They can be intuitively understood as the part of the corrections originating
from above the electroweak scale.
• All DL and SL contributions containing logarithms log (M2W/λ2) and log(M2W/m2f ),
which involve the photon mass λ or masses of light charged fermions are called
“pure electromagnetic” (em) part. This part includes also energy-dependent double
logarithms of the type l(s) log (M2W/λ
2) and l(s) log(M2W/m
2
f ).
• We also take into account the logarithmic dependence on MH and mt originating
from diagrams involving Higgs bosons and top quarks. The corresponding SL terms
are usually split as follows
log
s
M2i
= log
s
M2W
− log M
2
i
M2W
, Mi =MH,mt. (2.14)
For the Higgs mass we only assume that s ≫ MH > MW. In diagrams involving
both top quarks and Higgs bosons the scale of the logarithms is determined by the
largest mass
MH,t := max (MH,mt), (2.15)
which can be either mt or MH.
• Since MW ∼ MZ we neglect all single logarithms α log(M2Z/M2W). The logarithmic
dependence on MZ is only considered at the DL level by taking into account the
contributions l(s) log(M2Z/M
2
W), which grow with energy.
The remaining logarithmic contributions are neglected. In particular, we neglect the pure
angular-dependent contributions α log (|rkl|/s) and α log2 (|rkl|/s) which are small in the
limit (2.7).
2.3 Longitudinal gauge bosons in the high-energy limit
In this section we introduce and discuss the GBET, which is used to treat longitudinal
gauge bosons in the high-energy limit. Longitudinal gauge bosons are particularly inter-
esting since these states originate from the symmetry breaking mechanism and are not
present in symmetric gauge theories. Therefore, in processes involving longitudinal gauge
bosons, the broken sector of the theory plays a crucial role also at energies above the
symmetry-breaking scale.
Let us consider the process
V a1L (q1) . . . V
am
L (qm)ϕi1(p1) . . . ϕin(pn)→ 0, (2.16)
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involving m longitudinal gauge bosons V akL = ZL,W
±
L and n other arbitrary external
states ϕik . The corresponding matrix element is given by
MV a1L ... V amL ϕi1 ... ϕin (q1, . . . , qm, p1, . . . , pn) =
=
[
m∏
k=1
ǫµkL (qk)
]
G
V a1 ... V am ϕ
i1
... ϕ
in
µ1...µm (q1, . . . , qm, p1, . . . , pn)
n∏
k=1
vϕik (pk),
(2.17)
where the amputated Green function G
V a1 ...V am
µ1...µm is contracted with the longitudinal po-
larization vectors
ǫµkL (qk) =
qµkk
MV ak
+O
(
MV ak
q0k
)
, (2.18)
with q0k ∼ E =
√
s. In the high-energy limit M/E ≪ 1, each polarization vector yields a
contribution of order E/M . Therefore, in order to determine the O(Ed) contribution to
the matrix element (2.17), the Green function on the rhs of (2.17) needs to be determined
up to the order MmEd−m. In this Green function the mass terms in the propagators as
well as the couplings with mass dimension cannot be neglected. This indicates that the
contributions originating from the broken sector of the theory (Lv) are crucial.
Since the leading part of the longitudinal polarization vector (2.18) is proportional to
the momentum of the corresponding gauge-boson, the matrix elements (2.17) can be sim-
plified using electroweak Ward identities that relate amputated Green functions involving
weak gauge bosons V a = Z,W± to amputated Green functions involving the correspond-
ing would-be Goldstone bosons Φa = χ, φ
± (a detailed derivation is given in Sect. 5.2).
These Ward identities lead to the well-known Goldstone-boson equivalence theorem [47],
MV a1L ...V amL ϕi1 ... ϕin (q1, . . . , qm, p1, . . . , pn) = (2.19)
=
[
m∏
k=1
i(1−QV ak )AV
ak
]
MΦa1 ...Φamϕi1 ... ϕin (q1, . . . , qm, p1, . . . , pn) +O(MEd−1)
that will be the basis for our description of longitudinal gauge bosons in terms of would-be
Goldstone bosons, in the high-energy limit. The factors
AV
a
= 1 + δAV
a
, (2.20)
appearing in (2.19), consist of a trivial lowest-order contribution and non-trivial loop
contributions δAV
a
[see (5.74)]. These latter are the so-called corrections to the GBET
[48] and have to be evaluated in the needed order of perturbation theory. In one-loop
approximation, the corrections to the process (2.16) are obtained from
δMV a1L ...V amL ϕi1 ... ϕin =
[
m∑
k=1
δAV
ak
]
MV
a1
L
...V
am
L
ϕi1 ... ϕin
0
+
[
m∏
k=1
i(1−QV ak )
]
δMΦa1 ...Φamϕi1 ... ϕin , (2.21)
combining the corrections to the GBET with the corrections to the matrix element involv-
ing would-be Goldstone bosons.
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The main advantage of the GBET is to remove the complications related to the mass
terms. In fact, the Green function on the rhs of (2.19) needs to be evaluated in leading
order Ed only. In this Green function all mass terms, i.e. all contributions related to Lv
can be neglected. This does not mean that the broken sector of the theory does not play
any role in the high-energy limit. In particular we stress the following:
• The electroweak Ward identities that lead to the GBET are based on the broken
sector of the theory.
• In higher-orders of perturbation theory the corrections δAV a to the GBET involve
loop diagrams that originate from the broken sector Lv (see Sect. 5.2). In particular
they involve mixing-energies between gauge bosons and would-be Goldstone bosons.
In general, to handle matrix elements involving longitudinal gauge bosons, we have to rely
on Ward identities of the full spontaneously broken theory, where the broken contributions
play a crucial role. This is the case also in Ch. 6, where we derive collinear Ward identities,
used to determine the collinear loop corrections to the Green functions involving external
would-be Goldstone bosons.
2.4 Form and origin of universal logarithmic corrections
In this section, we briefly discuss the form of universal logarithmic corrections, we spec-
ify the strategy that we adopt for their calculation, and explain how they are classified
according to their origin.
As shown in the following chapters, in leading-logarithmic order (2.9), the virtual one-
loop corrections assume the general form
δMϕi1 ... ϕin ({λi}, p1, . . . , pn) =
∑
λi
δλi
∂Mϕi1 ... ϕin0
∂λi
({λi}, p1, . . . , pn)
+
∑
ϕi′
1
...ϕi′n
M
ϕi′
1
... ϕi′n
0 ({λi}, p1, . . . , pn) δ
ϕi1 ... ϕin
ϕi′
1
... ϕi′n
({λi}, p1, . . . , pn). (2.22)
On one hand we have the well-known contributions that are related to the renormalization
δλi of the dimensionless coupling constants λi. On the other hand we have contributions
that factorize in momentum space into Born matrix elements times universal correction
factors δ
ϕi1 ... ϕin
ϕi′
1
... ϕi′n
. These latter are tensors with SU(2)×U(1) indices that can be associated,
as we will see, to single external states or pairs of external states.
The dimensionless correction factors δ
ϕi1 ... ϕin
ϕi′
1
... ϕi′n
and the running δλi of the couplings
are evaluated in logarithmic accuracy, i.e. to order L and l, in a process-independent
way. Instead, the Born matrix elements on the rhs of (2.22), which involve in general
SU(2)×U(1)-transformed fields ϕi′
1
. . . ϕi′n , require an explicit evaluation for each specific
process. Note that these Born matrix elements need to be evaluated in leading order (2.8)
only.
The universal corrections (2.22) are derived in one-loop order using dimensional regu-
larization. As explained in Sect. 2.2, we choose the scale µ2 = s, so that we can restrict
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ourselves to mass singularities. These are shared between the renormalization countert-
erms and the truncated loop-diagrams, depending on the gauge fixing and the renormal-
ization scheme.
• The one-loop contributions from renormalization are related to Born diagrams in a
natural way. On one hand, the contribution of coupling-constant counterterms δλi
is equivalent to a shift of the couplings at Born level, which leads to the first term
on the rhs of (2.22). On the other hand, the field renormalization constants (FRC’s)
lead to
δWFMϕi1 ...ϕin =
n∑
k=1
∑
ϕi′
k
1
2
δZϕi′
k
ϕik
M
ϕi1 ...ϕi′
k
...ϕin
0 , (2.23)
with the well-known δZ/2 factors for each external leg. For parameter renormaliza-
tion we adopt the on-shell scheme [46] for definiteness. This can be easily changed.
The field renormalization constants (FRC’s) are fixed such that the fields do not mix
and the residua of renormalized propagators are equal to one, i.e. renormalized fields
correspond to physical fields and no extra wave-function renormalization constants
are required [46].
• The remaining mass-singular corrections originate from truncated loop diagrams
and factorize in the form corresponding to the second term on the rhs of (2.22). To
prove the factorization of these contributions much more effort is needed. A possible
strategy is to avoid non-trivial mass-singular loop diagrams by an appropriate gauge-
fixing, such that all mass singularities are isolated into the FRC’s. This approach
has been developed in Ref. [44], using the Coulomb gauge for massive gauge bosons.
In this way, factorization is obtained in a natural way as in (2.23). However, the
evaluation of the FRC’s becomes highly non-trivial, owing to the subtleties related
to this particular gauge fixing, and for the time being, explicit results are available
only at the DL level, in this approach.
In this thesis we adopt the ’t Hooft-Feynman gauge. Here, factorization of the DL and SL
mass-singular truncated loop diagrams has to be proved explicitly. This proof is based on
the two following general ideas:
• Mass singularities originate from a restricted subset of Feynman diagrams and from
specific regions of loop-momenta, so-called leading regions. With Ref. [49] one can
easily prove that mass singularities in the electroweak theory are restricted to Feyn-
man diagrams with virtual gauge bosons coupling to the external legs, and originate
in those regions of loop-momenta where the virtual gauge bosons are soft and/or
collinear to the external legs.
• Factorization of the Feynman diagrams involving soft and/or collinear virtual gauge
bosons is a consequence of gauge symmetry. In particular, the factorized form of the
second term on the rhs of (2.22) is obtained using appropriate charge-conservation
relations and Ward identities of the electroweak theory.
These ideas are developed in the following chapters, where the leading-logarithmic correc-
tions are split according to the leading regions they originate from. The various parts are
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denoted as follows
δM = δLSCM+ δSSCM+ δCM+ δPRM. (2.24)
The first two terms correspond to DL contributions, i.e. δLSC+δSSC = δDL. These originate
from those one-loop diagrams where soft–collinear gauge bosons are exchanged between
pairs of external legs, and are evaluated with the eikonal approximation in Ch. 3.
• The leading part δLSC consists of angular-independent double logarithms of the type
L(s) and similar.
• The subleading part δSSC is given by angular-dependent double logarithms of type
l(s) log(|rkl|/s) and similar.
The last two terms in (2.24) are the SL contributions, i.e. δC + δPR = δSL.
• The collinear or soft single logarithms are denoted by δC. One part of δC originates
from renormalization (FRC’s and corrections to the GBET) and is treated in Ch. 5.
The remaining part originates from truncated loop diagrams involving external-leg
emission of collinear virtual gauge bosons. The factorization of these diagrams is
proved in Ch. 4 using the Ward identities derived in Ch. 6.
• The SL contributions of UV origin, which are related to the parameter renormal-
ization, are denoted by δPR and are presented in Ch. 7. Since we set µ2 = s, these
corrections are absorbed into the parameter-renormalization counterterms. They
include the contributions of the charge and weak-mixing-angle renormalization con-
stants, as well as the renormalization of dimensionless mass ratios associated with
the top-Yukawa coupling and the scalar self-coupling.
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Chapter 3
Soft-collinear mass singularities
In this chapter we treat the double-logarithmic (DL) mass singularities. First, we show
that the DL mass-singular corrections originate from exchange of soft-collinear virtual
gauge bosons between pairs of external particles and evaluate them using the well-known
eikonal approximation. Then, we show that the angular-independent part of the DL cor-
rections, which we call leading soft-collinear part δLSCM, factorizes as a single sum over
external particles
δLSCMϕi1 ... ϕin (p1, . . . , pn) =
n∑
k=1
∑
ϕi′
k
M
ϕi1 ... ϕi′
k
... ϕin
0 (p1, . . . , pn) δ
LSC
ϕi′
k
ϕik
. (3.1)
The remaining angular-dependent part of the DL corrections, which we call subleading
soft-collinear part δSSCM, is given by a double sum over pairs of external legs
δSSCMϕi1 ... ϕin (p1, . . . , pn) =
n∑
k=1
∑
l<k
∑
ϕi′
k
,ϕi′
l
M
ϕi1 ... ϕi′
k
... ϕi′
l
... ϕin
0 (p1, . . . , pn) δ
SSC
ϕi′
k
ϕikϕi′
l
ϕil
.
(3.2)
We note that these DL contributions represent the simplest part of the electroweak loga-
rithmic corrections. At this level, in fact, the mechanism of symmetry breaking is irrelevant
in its details and only the lowest-order mixing in the neutral gauge sector has to be taken
into account. This gives rise to mixing between matrix elements involving photons and
Z–bosons in the leading DL corrections.
3.1 Double-logarithmic mass singularities and eikonal ap-
proximation
We first have to determine the class of Feynman diagrams that potentially give rise to DL
mass singularities. To this end we can use the analysis of scalar loop integrals made by
Kinoshita [49]. Since we choose the ’t Hooft–Feynman gauge, where all propagators have
the same pole-structure as scalar propagators, we can directly apply the result of Ref. [49]
to conclude that DL mass-singularities originate only from the subset of loop diagrams
where a virtual particle ϕs is exchanged between two on-shell external particles ϕik and
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ϕil [49], i.e. diagrams of the type
1
ϕs
ϕik
ϕil
ϕi′
k
ϕi′
l
. (3.3)
In general, the fields ϕs, ϕik , ϕi′k , ϕil , ϕi
′
l
in (3.3) may be fermions, antifermions, Higgs
bosons, would-be Goldstone bosons or gauge bosons. For the moment, we consider all
possible diagrams of the type (3.3) that are allowed by the electroweak Feynman rules.
These lead to loop integrals of the type
J = −i(4π)2µ4−D×∫
dDq
(2π)D
N(q)
(q2 −M2ϕs + iε)[(pk − q)2 −M2ϕi′
k
+ iε][(pl + q)2 −M2ϕi′
l
+ iε]
. (3.4)
The part denoted by N(q) is kept implicit. It consists of the lowest-order (LO) contribu-
tion from the “white blob” in (3.3), of the wave-function (spinor or polarization vector)
corresponding to the external lines ϕik , ϕil , of the couplings of the virtual particle ϕs, and
of the numerators of the ϕs, ϕi′
k
and ϕi′
l
propagators.
The DL mass singularities originate from the denominators of the ϕs, ϕi′
k
and ϕi′
l
prop-
agators, in the regions of integration where the ϕs momentum becomes collinear to one
of the external momenta and soft, i.e. qµ → xpµk or qµ → xpµl , and x → 0. The DL mass
singularities can be extracted from (3.4) using the eikonal approximation (see for instance
Ref. [50]) which consists in the following simple prescription for the numerator N(q):
(1) Substitute N(q)→ N(0), i.e. set qµ → 0.
(2) Neglect all mass terms in N(0). (3.5)
We stress that this approximation is not directly applicable in the presence of external
longitudinal gauge bosons. In this case, it is not possible to set all mass terms in N(0)
to zero, since the longitudinal polarization vectors (2.18) are inversely proportional to
the gauge-boson masses. For this reason, matrix elements involving longitudinal gauge
bosons V aL = ZL,W
± are treated with the GBET (2.19), i.e. they are expressed by matrix
elements involving the corresponding would-be Goldstone bosons Φa = χ, φ
±. In the
’t Hooft–Feynman gauge, as we will see in Sect. 5.2, the one-loop corrections to the GBET
involve only SL contributions. Therefore, at DL level (2.9) we can use the GBET in its
LO form
δDLMV a1L ...V amL ϕi1 ... ϕin (q1, . . . , qm, p1, . . . , pn) = (3.6)
=
[
m∏
k=1
i(1−QV ak )
]
δDLMΦa1 ...Φamϕi1 ... ϕin (q1, . . . , qm, p1, . . . , pn),
1Here and in the following, all on-shell external legs that are not involved in our argumentation are
omitted in the graphical representation.
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and we can apply the eikonal approximation to the matrix elements involving the would-be
Goldstone bosons, since here all mass terms can be neglected, in the high-energy limit.
In the eikonal approximation (3.5), which we denote by the subscript eik., the integral
(3.4) simplifies into a scalar three-point function, usually called C0. In the high-energy
limit (2.11), and in logarithmic approximation (LA) this yields [51]
Jeik.
LA
=
Neik.(0)
(pk + pl)2
12 ln2
(
−(pk + pl)2 − iε
M2ϕs − iε
)
+
∑
m=k,l
IC(p
2
m,Mϕs ,Mϕi′m
)
 , (3.7)
where IC represents the dilogarithmic integral
IC(p
2,M0,M1) := −
∫ 1
0
dx
x
ln
(
1 +
M21 −M20 − p2
M20 − iε
x+
p2
M20 − iε
x2
)
. (3.8)
Such integrals lead to large logarithms only when the mass M20 is very small compared to
p2 and/or M21 − p2.
In order to evaluate the Feynman diagrams of the type (3.3) in the eikonal approxima-
tion (3.5), we first concentrate on the vertex ϕik(pk)→ ϕs(q)ϕi′k(pk − q) and we consider
the insertion of the propagator of the soft particle ϕs into the external leg ϕik ϕs
ϕik
ϕi′
k

eik.
= vϕik (pk)G
ϕ¯sϕs
eik. (q)iΓ
ϕ¯sϕ¯i′
k
ϕik
eik. (−q,−pk + q, pk)G
ϕ¯i′
k
ϕi′
k
eik. (pk − q)×
G
ϕ
i1
... ϕ
i′
k
... ϕ
in
0 (p1, . . . , pk, . . . , pn)
∏
m6=k
vϕim (pm). (3.9)
The notation used here is described in detail in (2.4) and in Appendix A. The first line on
the rhs of (3.9) corresponds to the left part of the diagram on the left-hand side (lhs), with
the propagators and the vertex in eikonal approximation. The second line corresponds to
the “white blob” in the diagram on the lhs.
We are interested in diagrams (3.9) involving external scalars (Higgs fields or would-be
Goldstone bosons), fermions, antifermions or transverse gauge bosons, i.e. ϕik = Φi, f
κ
j,σ,
f¯κj,σ or V
a
T . For the internal lines ϕs, ϕi′k , in general, we have to consider all possible com-
binations that are allowed by the electroweak Feynman rules (see Appendix C). However,
it turns out that most of them are suppressed in the eikonal approximation.
• Firstly, all diagrams with vertices ϕsϕ¯i′
k
ϕik that have couplings with mass dimension
can be neglected. Only the 3-particle vertices that have dimensionless couplings need
to be considered, i.e. the vertices of the type V V V , V ΦΦ, V ff¯ , Φf f¯ , and the scalar–
ghost–antighost vertices V uu¯.
• Secondly, in the limit qµ → 0, only those diagrams where the soft particle is a
gauge-boson, ϕs = V
a, are not suppressed, whereas all other diagrams are mass-
suppressed. This can be easily verified using the Feynman rules given in Appendix C,
the transversality of the gauge-boson polarization vectors, the Dirac equation for
fermionic spinors, and the identity p/2 = p2.
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For the diagrams that are not suppressed one obtains V¯ aµ
ϕik
ϕi′
k

eik.
=
−eI V¯ aϕi′
k
ϕik
D1
2pµkM
ϕi1 ... ϕi′
k
... ϕin
0 (p1, . . . , pk, . . . , pn), (3.10)
where D1 = [(pk − q)2−M2ϕi′
k
+ iε] is the denominator of the internal propagator, and the
propagator of the soft gauge boson has been omitted. Note that this expression for the
insertion of an outgoing soft gauge boson V aµ into the external leg of an incoming particle
(or antiparticle) ϕik = Φi, f
κ
j,σ, f¯
κ
j,σ, V
a
T is proportional to its incoming momentum p
µ
k and
to the gauge coupling I V¯
a
ϕi′
k
ϕik
. Here we illustrate how (3.10) is obtained in the case of
external transverse gauge bosons. For ϕik = V
b
T, we have V¯ aµ
V b
T V b
′

eik.
= ενT(pk)ieI
V¯ a
V b
′
V b
[
gµν′pkν − 2gν′νpµk + gµν pkν′
]×
−igν′ν′′
D1
G
ϕ
i1
... V b
′
... ϕ
in
0,ν′′ (p1, . . . , pk, . . . , pn)
∏
n 6=k
vϕin (pn)
=
−eI V¯ a
V b
′
V b
D1
[
−ενT(pk)pkνgµν
′
+ 2pµkε
ν′
T (pk)− εµT(pk)pν
′
k
]
×
G
ϕ
i1
... V b
′
... ϕ
in
0,ν′ (p1, . . . , pk, . . . , pn)
∏
n 6=k
vϕin (pn). (3.11)
The first term within the square brackets cancels owing to the transversality of the polar-
ization vector ενT(pk)pkν = 0. The third term, which is proportional to p
ν′
k , is suppressed
owing to the Ward identity
pν
′
k G
ϕ
i1
... V b
′
... ϕ
in
0,ν′ (p1, . . . , pk, . . . , pn)
∏
n 6=k
vϕin (pn) =
= i(1−QV b′ )MV b′M
ϕi1 ...Φb′ ... ϕin
0 (p1, . . . , pk, . . . , pn), (3.12)
and the second term, which is proportional to εν
′
T (pk), leads to (3.10).
We note that here, but also in other derivations, owing to gauge-boson emission ϕik →
V aϕi′
k
, we obtain expressions where the wave function vϕik (pk) with mass p
2
k = M
2
ϕik
is
contracted with a line ϕi′
k
carrying a mass M2ϕi′
k
that can be different from M2ϕik
[in (3.11)
we have ϕik = V
b and ϕi′
k
= V b
′
]. However, in the limit s≫M2ϕik ,M
2
ϕi′
k
, such expressions
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are identified with matrix elements for ϕi′
k
, i.e.
G
ϕ
i1
... ϕ
i′
k
... ϕ
in (p1, . . . , pn)
n∏
j=1
vϕij (pj) ∼ M
ϕi1 ... ϕi′
k
... ϕin
0 (p1, . . . , pk, . . . , pn) (3.13)
since for the polarization vectors of fermions and transverse gauge bosons2
vϕik (pk) = vϕi′
k
(pk) +O
(
M√
s
)
. (3.14)
To be precise, the correction of order O (M/√s) in (3.14) occurs only for fermionic po-
larization vectors, where M ∼ mϕik −mϕi′
k
. In the case of transverse gauge bosons such
correction does not occur since the corresponding polarization vectors are independent of
the gauge-boson mass.
We can now consider the complete set of electroweak Feynman diagrams leading to
DL mass singularities, i.e. the diagrams where virtual gauge bosons V a = A,Z,W+,W−
are exchanged between all possible pairs of external legs
δDLMϕi1 ...ϕin =
n∑
k=1
∑
l<k
∑
V a=A,Z,W±
∑
ϕi′
k
,ϕi′
l

V a
ϕik
ϕil
ϕi′
k
ϕi′
l

eik.
. (3.15)
Combining the soft gauge-boson insertions (3.10) for the external legs ϕik and ϕil , and
using the high-energy approximation (3.7) one easily finds
δDLMϕi1 ...ϕin =
=
n∑
k=1
∑
l<k
∑
V a=A,Z,W±
∑
ϕi′
k
,ϕi′
l
∫
d4q
(2π)4
−4ie2pkplIV aϕi′
k
ϕik
I V¯
a
ϕi′
l
ϕil
M
ϕi1 ... ϕi′
k
... ϕi′
l
... ϕin
0
(q2 −M2V a)[(pk − q)2 −M2ϕi′
k
][(pl + q)2 −M2ϕi′
l
]
LA
=
n∑
k=1
∑
l<k
∑
V a=A,Z,W±
∑
ϕi′
k
,ϕi′
l
IV
a
ϕi′
k
ϕik
I V¯
a
ϕi′
l
ϕil
M
ϕi1 ... ϕi′
k
... ϕi′
l
... ϕin
0
× α
4π
ln2
(
|rkl|
M2V a
)
+ 2
∑
m=k,l
IC(M
2
ϕim
,MV a ,Mϕi′m
)
 , (3.16)
where rkl = (pk + pl)
2 ∼ 2pkpl. The integrals IC(M2ϕim ,MV a ,Mϕi′m ), defined by (3.8),
lead to large logarithms only if the mass of the soft gauge boson V a is much smaller than
one of the other masses. This occurs for all photon-exchange diagrams as well as for those
weak-boson exchange diagrams where one of the particles ϕim , ϕi′m is a top quark or a
Higgs boson. In the case of photonic diagrams we have
IC(M
2
ϕi
, λ,Mϕi)
LA
= −1
4
ln2
M2ϕi
λ2
, (3.17)
2 Note that (3.14) is not valid for polarization vectors of longitudinal gauge bosons. However, these are
treated by means of the GBET.
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in LA, where λ≪Mϕi is the photon-mass regulator. For the diagrams with weak bosons
coupling to top quarks the relevant integrals yield
IC(m
2
t ,MZ,mt)
LA
= −1
4
ln2
(
m2t
M2Z
)
,
IC(m
2
t ,MW,mb)
LA
= IC(m
2
b,MW,mt)
LA
= −1
2
ln2
(
m2t
M2W
)
, (3.18)
in the heavy-top limit mt ≫ MZ,MW. For the diagrams where weak bosons couple to
Higgs bosons we have the logarithmic contributions
IC(M
2
V a ,MV a ,MH)
LA
= IC(M
2
H,MV a ,MV a)
LA
= −1
2
ln2
(
M2H
M2V a
)
, (3.19)
in the heavy-Higgs limitMH ≫MV a =MW,MZ. Recall that the logarithmic contributions
to the imaginary part of the corrections are not relevant at one-loop level and are therefore
neglected in the logarithmic approximation (LA). Using (3.17) for the photonic diagrams
we can rewrite (3.16) as
δDLMϕi1 ...ϕin = α
4π
n∑
k=1
∑
l 6=k
∑
V a=A,Z,W±
∑
ϕi′
k
,ϕi′
l
IV
a
ϕi′
k
ϕik
I V¯
a
ϕi′
l
ϕil
M
ϕi1 ... ϕi′
k
... ϕi′
l
... ϕin
0
×
[
1
2
log2
(
|rkl|
M2V a
)
− δV aA 1
2
log2
(
M2ϕik
λ2
)
+ (1− δV aA)2IC(M2ϕik ,MV a ,Mϕi′k )
]
,
(3.20)
where δV aA represents the Kronecker symbol. This formula applies to external chiral
fermions, Higgs bosons, and transverse gauge bosons. The DL corrections to processes
involving external longitudinal gauge bosons ϕi = ZL,W
± are obtained from the DL
corrections to the processes involving the corresponding would-be Goldstone bosons ϕi =
χ, φ± using (3.6). In practice one has to use the gauge couplings to would-be Goldstone
bosons on the rhs of (3.20).
Note that the DL terms log2 |rkl|/M2V a in (3.20) are angular-dependent since the in-
variant rkl depends on the angle between the momenta pk and pl. Writing
log2
( |rkl|
M2
)
= log2
(
s
M2
)
+ 2 log
(
s
M2
)
log
( |rkl|
s
)
+ log2
( |rkl|
s
)
, (3.21)
the angular-dependent part can be isolated in logarithms of rkl/s which lead to a sub-
leading soft–collinear (SSC) contribution of order α log(s/M2) log(|rkl|/s). The terms
α log2(|rkl|/s) can be neglected if all invariants are of the same order, as we have assumed
in (2.7). The terms of type α log2(s/M2) together with the additional contributions from
photon loops in (3.20) are angular independent. These terms are denoted as the leading
soft–collinear (LSC) contribution.
24
3.2 Leading soft–collinear contributions
The angular-independent leading soft–collinear corrections can be further simplified using
(approximate) charge-conservation relations that follow from global SU(2) × U(1) sym-
metry. The variation of the electroweak Lagrangian with respect to global SU(2) × U(1)
transformations leads to following relations between lowest-order S-matrix elements
ie
n∑
k=1
∑
ϕi′
k
IV
a
ϕi′
k
ϕik
M
ϕi1 ... ϕi′
k
... ϕin
0 = O
(
vmEd−m
)
, m > 0, (3.22)
where d is the mass-dimension of the matrix elements on the lhs. In the special case
V a = A, the rhs vanishes owing to exact U(1)em symmetry, i.e. the electric charge is exactly
conserved. For V a = Z,W±, instead, the rhs is in general non-vanishing and contains
terms proportional to the vev v owing to spontaneous symmetry breaking. However,
since we restrict ourselves to matrix elements that are not mass-suppressed (2.8), these
contributions can be neglected in the high-energy limit.
Using (3.22), the angular-independent (LSC) logarithms in (3.20) can be written as a
single sum over external legs,
δLSCMϕi1 ... ϕin =
n∑
k=1
∑
ϕi′′
k
δLSCϕi′′
k
ϕik
M
ϕi1 ... ϕi′′
k
... ϕin
0 . (3.23)
After evaluating the sum over A, Z, W+ and W−, in (3.20), the correction factors read
δLSCϕi′′
k
ϕik
= − α
8π
Cewϕi′′
k
ϕik
log2
(
s
M2W
)
+ δϕi′′
k
ϕik
{
α
4π
(IZ)2ϕik
log
(
s
M2W
)
log
(
M2Z
M2W
)
− 1
2
Q2ϕik
Lem(s, λ2,M2ϕik
) + δLSC,hϕik
}
. (3.24)
The first term represents the DL symmetric-electroweak part and is proportional to the
electroweak Casimir operator Cew defined in (B.26). This is always diagonal in the indices
ϕi′′
k
ϕik , except in the case of external transverse neutral gauge bosons, where the non-
diagonal components CewAZ and C
ew
ZA give rise to mixing between amplitudes involving
photons and Z bosons [see (B.29),(B.19)]. The term proportional to (IZ)2 originates from
Z-boson loops, owing to the difference between MW and MZ. The term
Lem(s, λ2,M2ϕ) :=
α
4π
{
2 log
(
s
M2W
)
log
(
M2W
λ2
)
+ log2
(
M2W
λ2
)
− log2
(
M2ϕ
λ2
)}
(3.25)
contains all logarithms of pure electromagnetic origin. Finally, there are additional loga-
rithms which originate from the last term on the second line in (3.20) through (3.18) and
(3.19). Also such contributions factorize in the simple form given by (3.23) and (3.24),
with
δLSC,hϕik
= − α
2π
∑
V a=Z,W±
∑
ϕi′
k
|IV aϕi′
k
ϕik
|2IC(M2ϕik ,MV a ,Mϕi′k ). (3.26)
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This is due to the fact that such large logarithms occur only if one of the particles ϕik , ϕi′k
in (3.20) is a top quark or a Higgs boson3. In practice, owing to the explicit form of
the Z and W couplings to the Higgs boson and to the top quark, for each weak boson
V a = Z,W± only one virtual particle ϕi′
k
contributes to the sum in (3.26). In the case of
external heavy quarks, (3.26) yields
δLSC,h
tL
LA
=
α
4π
[
(3c2
W
− s2
W
)2
72s2
W
c2
W
ln2
(
m2t
M2Z
)
+
1
2s2
W
ln2
(
m2t
M2W
)]
,
δLSC,h
bL
LA
=
α
4π
1
2s2
W
ln2
(
m2t
M2W
)
, δLSC,h
tR
LA
=
α
4π
2s2
W
9c2
W
ln2
(
m2t
M2Z
)
. (3.27)
Numerically
δLSC,h
tL
≈ δLSC,h
bL
≈ 0.3%, δLSC,h
tR
≈ 0.01%. (3.28)
For external Goldstone-bosons (longitudinal gauge bosons), and for Higgs bosons we have
δLSC,h
φ±
LA
=
α
4π
1
4s2
W
ln2
(
M2H
M2W
)
, δLSC,hχ
LA
=
α
4π
1
4s2
W
c2
W
ln2
(
M2H
M2Z
)
,
δLSC,hH
LA
=
α
4π
[
1
4c2
W
s2
W
ln2
(
M2H
M2Z
)
+
1
2s2
W
ln2
(
M2H
M2W
)]
, (3.29)
and in the case of a heavy Higgs boson, these contributions can reach the percent-level
per line. For instance at MH = 200(500)GeV we have
δLSC,h
φ±
≈ 0.2(0.9)%, δLSC,hχ ≈ 0.2(1.0)%, δLSC,hH ≈ 0.6(2.7)%. (3.30)
Formula (3.24) is in agreement with Refs. [27, 33] apart for the electromagnetic loga-
rithm α log2(M2ϕik
/λ2), which is missing in Ref. [33], and for the top-, Higgs-, and Z-mass
dependent logarithms, which are missing in both these references.
3.3 Subleading soft–collinear contributions
The contribution of the second term of (3.21) to (3.20) remains a sum over pairs of external
legs,
δSSCMϕi1 ...ϕin =
n∑
k=1
∑
l<k
∑
V a=A,Z,W±
∑
ϕi′
k
,ϕi′
l
δV
a,SSC
ϕi′
k
ϕikϕi′
l
ϕil
M
ϕi1 ... ϕi′
k
... ϕi′
l
... ϕin
0 , (3.31)
with angular-dependent terms. The exchange of soft, neutral gauge bosons contributes
with
δA,SSCϕi′
k
ϕikϕi′
l
ϕil
=
α
2π
[
log
(
s
M2W
)
+ log
(
M2W
λ2
)]
log
( |rkl|
s
)
IAϕi′
k
ϕik
IAϕi′
l
ϕil
,
3 This permits to write∑
ϕ
i′
k
I V¯
a
ϕ
i′′
k
ϕ
i′
k
IV
a
ϕ
i′
k
ϕik
IC(M
2
ϕik
,MV a ,Mϕ
i′
k
)
LA
= δϕ
i′′
k
ϕik
∑
ϕ
i′
k
|IV aϕ
i′
k
ϕik
|2IC(M2ϕik ,MV a ,Mϕi′k ).
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δZ,SSCϕi′
k
ϕikϕi′
l
ϕil
=
α
2π
log
(
s
M2W
)
log
( |rkl|
s
)
IZϕi′
k
ϕik
IZϕi′
l
ϕil
. (3.32)
The photon couplings are always diagonal, IAϕi′ϕi = δϕi′ϕiI
A
ϕi
, and the Z-couplings are di-
agonal everywhere except in the neutral scalar sector. Here, the non-diagonal components
IZHχ and I
Z
χH [see (B.37)] give rise to mixing between matrix elements involving external
Higgs bosons and longitudinal Z bosons. The exchange of soft charged gauge bosons yields
δW
±,SSC
ϕi′
k
ϕikϕi′
l
ϕil
=
α
2π
log
(
s
M2W
)
log
( |rkl|
s
)
I±ϕi′
k
ϕik
I∓ϕi′
l
ϕil
, (3.33)
and owing to the non-diagonal matrices I± [cf. (B.33), (B.38) and (B.45)], contributions
of SU(2)-transformed Born matrix elements (with ϕi′
k
6= ϕik , ϕi′l 6= ϕil ) appear on the
lhs of (3.31). In general, these transformed Born matrix elements are not related to the
original Born matrix element and have to be evaluated explicitly.
The SSC corrections for external longitudinal gauge bosons are obtained from (3.31)
with the GBET (3.6), i.e. the couplings and the Born matrix elements for would-be Gold-
stone bosons have to be used on the rhs of (3.31).
The application of the above formulas is illustrated in Ch. 8 for the case of 4-particle
processes
ϕi1(p1)ϕi2(p2)ϕi3(p3)ϕi4(p4)→ 0, (3.34)
where according to our convention (2.1), all particles and momenta are incoming. Owing
to total-momentum conservation we have r12 = r34, r13 = r24 and r14 = r23, so that (3.31)
reduces to
δSSCMϕi1ϕi2ϕi3ϕi4 = α
2π
∑
V a=A,Z,W±
∑
ϕi′
k
,ϕi′
l
[
log
(
s
M2W
)
+ log
(
M2W
M2V a
)]
×
{
log
( |r12|
s
) [
IV
a
ϕi′
1
ϕi1
I V¯
a
ϕi′
2
ϕi2
M
ϕi′
1
ϕi′
2
ϕi3ϕi4
0 + I
V a
ϕi′
3
ϕi3
I V¯
a
ϕi′
4
ϕi4
M
ϕi1ϕi2ϕi′
3
ϕi′
4
0
]
+ log
( |r13|
s
)[
IV
a
ϕi′
1
ϕi1
I V¯
a
ϕi′
3
ϕi3
M
ϕi′
1
ϕi2ϕi′
3
ϕi4
0 + I
V a
ϕi′
2
ϕi2
I V¯
a
ϕi′
4
ϕi4
M
ϕi1ϕi′
2
ϕi3ϕi′
4
0
]
+ log
( |r14|
s
)[
IV
a
ϕi′
1
ϕi1
I V¯
a
ϕi′
4
ϕi4
M
ϕi′
1
ϕi2ϕi3ϕi′
4
0 + I
V a
ϕi′
2
ϕi2
I V¯
a
ϕi′
3
ϕi3
M
ϕi1ϕi′
2
ϕi′
3
ϕi4
0
]}
, (3.35)
and the logarithm with rkl = s vanishes. The corrections for 2→ 2 processes are obtained
by crossing symmetry from the corrections (3.35) for the 4 → 0 processes (3.34), i.e. by
substituting outgoing particles (antiparticles) by the corresponding incoming antiparticles
(particles), as illustrated in (2.3).
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Chapter 4
Collinear mass singularities from
loop diagrams
In this chapter we treat the single-logarithmic (SL) mass singularities that originate from
truncated loop diagrams. First, we show that these mass-singular corrections, which we
denote by δcollM, originate from external-leg emission of collinear virtual gauge bosons and
we specify a collinear approximation to evaluate them. Then, we prove the factorization
identities
δcollMϕi1 ... ϕin (p1, . . . , pn) =
n∑
k=1
∑
ϕi′
k
M
ϕi1 ... ϕi′
k
... ϕin
0 (p1, . . . , pn) δ
coll
ϕi′
k
ϕik
, (4.1)
for arbitrary (non mass-suppressed) matrix elements involving external Higgs bosons,
would-be Goldstone bosons, fermions, antifermions as well as transverse gauge bosons.
These identities permit to factorize the collinear singularities in the same form as FRC’s
for the external fields. The gauge-dependent collinear factors δcoll are evaluated within
the ’t Hooft–Feynman gauge. In order to obtain the complete and gauge-independent SL
corrections that are associated to the external particles one has to include the contribu-
tions of the corresponding FRC’s and, in the case of processes involving longitudinal gauge
bosons, the corrections to the GBET. These contributions, which factorize in an obvious
way, are derived in Ch. 5. In order to prove (4.1) we use the collinear Ward identities that
are derived in Ch. 6.
4.1 Mass singularities in truncated loop diagrams
As we already observed in Ch. 3, owing to the simple pole-structure of the propagators in
the ’t Hooft–Feynman gauge, the class of loop diagrams that potentially give rise to mass
singularities can be easily determined by applying the analysis of scalar loop integrals
made by Kinoshita [49]. This tells us that mass-singular logarithmic corrections arise only
from the subset of loop diagrams where an external on-shell line splits into two internal
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virtual lines1
ϕc
ϕik
ϕi′
k
. (4.2)
The diagrams of this type involve SL as well as DL mass singularities. These latter
originate from the subset of diagrams of type (3.3) in the soft-collinear region, and have
been already evaluated in Ch. 3 using the eikonal approximation (eik.). Here we restrict
ourselves to the remaining SL corrections that are obtained from2

ϕc
ϕik
ϕi′
k

trunc.
−
∑
l 6=k

ϕc
ϕik
ϕil
ϕi′
k
ϕi′
l

eik.
, (4.3)
i.e. by subtracting the eikonal contributions from (4.2).
For the moment we consider splittings ϕik(p) → ϕc(q)ϕi′k (pk − q) involving arbitrary
combinations of fields that are allowed by the electroweak Feynman rules. These lead to
loop integrals of the type
I = −i(4π)2µ4−D
∫
dDq
(2π)D
N(q)
(q2 −M2ϕc + iε)[(pk − q)2 −M2ϕi′
k
+ iε]
. (4.4)
Here, only the denominators of the ϕj and ϕk propagators are explicit, whereas the remain-
ing part of the diagrams, denoted by N(q), is kept implicit. Since the soft contributions
have been subtracted in (4.3), we can assume that N(q) is not singular in the soft limit
qµ → 0. The mass singularity in (4.4) originates from the denominators of the ϕc and
ϕi′
k
propagators in the collinear region qµ → xpµk , where the squares of the momenta pk
and pk − q are small compared to the energy squared p2k, (pk − q)2 ≪ s. In order to show
this, and to fix a precise prescription for extracting the part of the function N(q) that
enters the mass-singular part of (4.4), we introduce a Sudakov parametrization [12] for
the loop momentum
qµ = xpµk + yl
µ + qµT, (4.5)
where pµk and the light-like four-vector l
µ,
pµk = (p
0
k, ~pk), l
µ = (p0k,−p0k~pk/|~pk|), (4.6)
describe the component of qµ which is collinear to the external momentum, whereas the
space-like vector qµT with
qTpk = qTl = 0, q
2
T = −|~qT|2 (4.7)
1In the diagrammatic representation (4.2) all on-shell external legs ϕil with l 6= k, which are not involved
in our argumentation, are omitted. All external lines have to be understood as truncated (trunc.); the
self-energy and mixing-energy insertions in external legs and the corresponding mass singularities enter
the FRC’s and the corrections to the GBET in (5.5).
2The appropriate sums over the internal lines in (4.3) are not specified for the moment.
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represents the perpendicular component. In this parametrization we get
I = −4i(pkl)µ4−D
∫
dx
∫
dy
∫
dD−2qT
(2π)D−2
N(q)
(q2 −M2ϕc + iε)[(pk − q)2 −M2ϕi′
k
+ iε]
. (4.8)
The denominators of the propagators read
q2 −M2ϕc + iε = x2p2k + 2xy(pkl)− |~qT|2 −M2ϕc + iε,
(pk − q)2 −M2ϕi′
k
+ iε = (1− x)2p2k + 2(x− 1)y(pkl)− |~qT|2 −M2ϕi′
k
+ iε, (4.9)
and are linear in the variable y owing to l2 = 0. For x 6∈ {0, 1}, the y integral has single
poles at
y0 =
|~qT|2 − x2p2k +M2ϕc − iε
2x(pkl)
, x 6= 0,
y1 =
|~qT|2 − (1− x)2p2k +M2ϕi′
k
− iε
2(x− 1)(pkl) , x 6= 1, (4.10)
and is non-zero only when the poles lie in opposite complex half-planes, i.e. for 0 < x < 1.
Therefore we have
I = −iµ
4−D
(pkl)
∫ 1
0
dx
x(x− 1)
∫
dD−2qT
(2π)D−2
∫
dy
N(x, y, qT)
(y − y0)(y − y1) , (4.11)
and closing the y contour around one of the two poles we obtain
I = −2πµ
4−D
(pkl)
∫ 1
0
dx
x(x− 1)
∫
dD−2qT
(2π)D−2
N(x, yi, qT)
y0 − y1
= 4πµ4−D
∫ 1
0
dx
∫
dD−2qT
(2π)D−2
N(x, yi, qT)
|~qT|2 +∆(x) , (4.12)
where in the vicinity of x = 1, 0 the contour has to be closed around the pole at yi = y0, y1,
respectively. In the collinear region |qT| → 0, the transverse momentum integral in (4.12)
exhibits a logarithmic singularity that is regulated by the mass terms in
∆(x) = (1− x)M2ϕc + xM2ϕi′
k
− x(1− x)p2k. (4.13)
In leading approximation, we restrict ourselves to logarithmic mass-singular contributions
in (4.12). Terms of order |~qT|2, p2k, Mϕc or Mϕi′
k
are neglected in N(q). Since the relevant
pole, y0 or y1, is of order |~qT|2/(pkl), also contributions proportional to y can be discarded.
We therefore arrive at the following simple recipe for N(q)
(1) Substitute N(x, y, qT)→ N(x, 0, 0), i.e. replace qµ → xpµk ,
(2) Neglect all mass terms in N(x, 0, 0), (4.14)
which we denote as collinear approximation. As already discussed for the eikonal approx-
imation (3.5), if the external state ϕik is a longitudinal gauge boson, then the mass terms
cannot be neglected. In this case the GBET (2.19) has to be used.
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In collinear approximation, the qT integration in (4.12) can be easily performed, and
expanding in ε = 4−D we obtain the leading contribution
I = Γ(ε)
∫ 1
0
dx
(
4πµ2
∆(x)
)ε
N(x, 0, 0)
=
1
ε
+
∫ 1
0
dx log
(
µ2
∆(x)
)
N(x, 0, 0) − γ + log 4π +O(ε). (4.15)
Finally, omitting the ultraviolet singularity, which cancels in observables, neglecting con-
stant terms, and performing the integral, we obtain
I
LA
= log
(
µ2
M2
)∫ 1
0
dxN(x, 0, 0), (4.16)
in logarithmic approximation (LA). The scale in the logarithm is of the order of the largest
mass in (4.13),
M2 ∼ max (p2k,M2ϕc ,M2ϕi′
k
). (4.17)
4.2 Factorization of collinear singularities
In this section, we apply the collinear approximation (4.14) to the complete set of elec-
troweak Feynman diagrams of the type (4.2), which lead to SL collinear mass singu-
larities that are associated to an external leg ϕik . First, we concentrate on the splitting
ϕik(pk)→ ϕc(q)ϕi′k(pk−q) of the external particle ϕik into the propagators of the collinear
particles ϕc and ϕi′
k ϕc
ϕik
ϕi′
k

coll.
= vϕik (pk)G
ϕ¯cϕc
coll. (q)iΓ
ϕ¯cϕ¯i′
k
ϕik
coll. (−q,−pk + q, pk)G
ϕ¯i′
k
ϕi′
k
coll. (pk − q).
(4.18)
The notation used here is the same as for the eikonal vertex (3.9). The propagators and
the vertex are evaluated in collinear approximation (coll.). We are interested in diagrams
(4.18) involving external scalar bosons (ϕik = Φi), fermions and antifermions (ϕik = f
κ
j,σ,
f¯κj,σ) as well as transverse gauge bosons (ϕik = V
a
T ). In general, for the internal lines
ϕc, ϕi′
k
, we have to consider all possible combinations generated by vertices ϕcϕ¯i′
k
ϕik of
the electroweak Feynman rules (see Appendix C). However, if one applies the collinear
approximation (4.14), it turns out that only a restricted subset of Feynman diagrams
yields non-suppressed contributions.
• First, we can restrict ourselves to the 3-particle vertices that have dimensionless
couplings, i.e. the vertices of the type V V V , V ΦΦ, V ff¯ , Φf f¯ and the scalar–ghost–
antighost vertices V uu¯.
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• Secondly, in the collinear approximation it turns out that the splittings VT → ΦΦ,
VT → f f¯ and VT → uu¯ are suppressed owing to the transversality of the gauge-
bosons polarization vectors, the splittings Φ → f f¯ are suppressed owing to p/2 =
p2 ≪ s, and also the splittings f¯ → Φf¯ and f → Φf are suppressed owing to the
Dirac equation for fermionic spinors.
Therefore, we need to consider only the splittings
ϕik(pk)→ V aµ (q)ϕi′k(pk − q), (4.19)
where virtual gauge bosons V a = A,Z,W+,W− are emitted and ϕik and ϕi′k are both
fermions, gauge bosons, or scalars.
4.2.1 Generic factorization identities
In order to proceed we introduce some shorthand notations for matrix elements and Green
functions. When we concentrate on a specific external leg ϕik , only the labels correspond-
ing to this external leg are kept explicit. For the matrix element (2.4) we use the shorthand
Mϕik (pk) = vϕik (pk)G
ϕ
ik
O
(pk, r) = vϕik (pk)G
ϕ
ik (pk), (4.20)
where the product of fields
O(r) =
∏
l 6=k
ϕil(pl), r =
∑
l 6=k
pl, (4.21)
represents the remaining external legs ϕil with l 6= k. These are always assumed to be
on-shell and contracted with the corresponding wave functions, which are suppressed in
the notation. Moreover, also O and the corresponding total momentum r are often not
written.
In the following, we consider the diagrams of type (4.3) corresponding to the splittings
(4.19) and we derive the factorization identities
δcollMϕik (pk) =
=
∑
V a=A,Z,W±
∑
ϕi′
k


V a
ϕi′
k
ϕik

trunc.
−
∑
l 6=k
∑
ϕi′
l

V a
ϕik
ϕil
ϕi′
k
ϕi′
l

eik.

coll.
=
∑
ϕi′′
k
ϕi′′
k
δcollϕi′′
k
ϕik
, (4.22)
The detailed proof of these identities depends on the spin of the external particles. How-
ever, its basic structure can be sketched in a universal way and consists of two main
steps:
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• After explicit evaluation of the external vertices3 V¯ aµ
ϕik
ϕi′
k

coll.
= vϕik (pk)iΓ
V¯ aµ ϕ¯i′
k
ϕik
coll. (−q,−pk + q, pk)G
ϕ¯i′
k
ϕi′
k
coll. (pk − q)
(4.23)
in collinear approximation, and after explicit subtraction of the eikonal contributions
obtained from (3.16), the lhs of (4.22) turns into4
δcollMϕik (pk) =
∑
V a=A,Z,W±
∑
ϕi′
k
µ4−D
∫
dDq
(2π)D
−ieI V¯ aϕi′
k
ϕik
(q2 −M2V a)[(pk − q)2 −M2ϕi′
k
]
Kϕik
× lim
qµ→xpµ
k
qµ

ϕi′
k
(pk − q)
V aµ (q)
−
∑
ϕj
ϕi′
k
(pk − q) ϕj(pk)
V aµ (q)

, (4.24)
with Kϕik = 1 for scalar bosons and transverse gauge bosons and Kϕik = 2 for
fermions. The first diagram appearing in (4.24) results from the first diagram of
(4.22) by omitting the external vertex and propagator (4.23). The second diagram
in (4.24) originates from the truncation of the self-energy and mixing-energy (ϕiϕj)
insertions in the first diagram of (4.22). Equation (4.24) is derived in Sects. 4.2.2–
4.2.4.
• The contraction of the diagrams between the curly brackets on the rhs of (4.24) with
the gauge-boson momentum qµ can be simplified using the collinear Ward identities
lim
qµ→xpµ
k
qµ

ϕi′
k
(pk − q)
V aµ (q)
−
∑
ϕj
ϕi′
k
(pk − q) ϕj(pk)
V aµ (q)

=
∑
ϕi′′
k
ϕi′′
k
(pk)
eIV
a
ϕi′′
k
ϕi′
k
, (4.25)
3Here the gauge-boson propagator has been omitted.
4Here and in the following the +iε prescription of the propagators is suppressed in the notation.
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which are fulfilled in the collinear approximation and valid up to mass-suppressed
terms. These Ward identities are derived in Ch. 6 using the BRS invariance of the
spontaneously broken SU(2)×U(1) Lagrangian.
For the Green functions corresponding to the diagrams within the curly brackets in
(4.24) we introduce the shorthand
G
[V aϕ
i
]O
µ (q, p − q, r) = GV
aϕ
i
O
µ (q, p− q, r)−
∑
ϕj
G
V aϕ
i
ϕj
µ (q, p− q,−p)GϕjO(p, r)
(4.26)
that will be used in the next sections.
Combining (4.25) with (4.24), we obtain (4.22) with the collinear factor
δcollϕi′′ϕi =
∑
V a=A,Z,W±
∑
ϕi′
µ4−D
∫
dDq
(2π)D
−iKϕie2IV
a
ϕi′′ϕi′
I V¯
a
ϕi′ϕi
(q2 −M2V a)[(p − q)2 −M2ϕi′ ]
LA
=
α
4π
Kϕi
∑
V a=A,Z,W±
∑
ϕi′
IV
a
ϕi′′ϕi′
I V¯
a
ϕi′ϕi
log
(
µ2
max (M2V a,M
2
ϕi
,M2ϕi′ )
)
, (4.27)
where we have used the logarithmic approximation (4.16) for the loop integral (4.4). The
scale in the logarithms is determined by the largest mass in the loop. For photonic
diagrams (V a = A) it is given by the external mass Mϕi , and for virtual massive gauge
bosons V a = Z,W+,W− it is given byMW ∼MZ,MH or mt, depending on the diagrams.
Therefore we can write
log
(
µ2
max (M2V a ,M
2
ϕi
,M2ϕi′ )
)
= log
µ2
M2W
+ δV aA log
M2W
M2ϕi
− (1− δV aA) log
(
max (M2V a ,M
2
ϕi
,M2ϕi′ )
M2W
)
, (4.28)
so that we arrive at
δcollϕi′′ϕi
LA
=
α
4π
Kϕi
{
Cewϕi′′ϕi log
µ2
M2W
+ δϕi′′ϕiQ
2
ϕi
log
M2W
M2ϕi
−
∑
V a=Z,W±
∑
ϕi′
IV
a
ϕi′′ϕi′
I V¯
a
ϕi′ϕi
log
(
max (M2W,M
2
ϕi
,M2ϕi′ )
M2W
) , (4.29)
where the first term is a symmetric electroweak contribution proportional to the effective
electroweak Casimir operator Cew defined in (B.26). The second term is a purely electro-
magnetic contribution, and the remaining terms receive contributions only from diagrams
with ϕi and/or ϕi′ equal to a top quark or to a Higgs boson.
In the following sections we present the explicit derivations of (4.22) and (4.27) for
external scalars, transverse gauge bosons and fermions.
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4.2.2 Factorization for scalars
We first consider the collinear enhancements generated by the virtual splittings
Φik(pk)→ V aµ (q)Φi′k(pk − q), (4.30)
where an incoming on-shell Higgs boson or would-be Goldstone boson Φik = H,χ, φ
±
emits a virtual collinear gauge boson V a = A,Z,W+,W−. In the collinear approximation
qµ → xpµk , the vertices (4.23) corresponding to these splittings give V¯ aµ
Φik
Φi′
k

coll.
= lim
qµ→xpµ
k
−eI V¯ aΦi′
k
Φik
D1
(2pk − q)µ =
−eI V¯ aΦi′
k
Φik
D1
(
2
x
− 1
)
qµ, (4.31)
where D1 = [(pk−q)2−M2Φi′
k
+iε]. With this and with (3.16) for the eikonal contributions
the amplitude
δcollMΦik (pk) =
∑
V a
∑
Φi′
k


V a
Φi′
k
Φik

trunc.
−
∑
l 6=k
∑
ϕi′
l

V a
Φik Φi′
k
ϕil
ϕi′
l

eik.

coll.
(4.32)
reads
δcollMΦik (pk) =
∑
V a=A,Z,W±
∑
Φi′
k
=H,χ,φ±
µ4−D
∫
dDq
(2π)D
ieI V¯
a
Φi′
k
Φik
(q2 −M2V a)[(pk − q)2 −M2Φi′
k
]
× lim
qµ→xpµ
k
{(
2
x
− 1
)
qµG
[V aΦi′
k
]
µ (q, pk − q)
+ 2pµk
∑
l 6=k
∑
ϕi′
l
2eplµI
V a
ϕi′
l
ϕil
[(pl + q)2 −M2ϕi′
l
]
M
Φi′
k
ϕi′
l
0 (pk, pl)
}
. (4.33)
According to the definition (4.26), we have
G
[V aΦi]
µ (q, p− q) =
Φi(p − q)
V aµ (q)
−
∑
Φj
Φi(p− q) Φj(p)
V aµ (q)
−
∑
V c
Φi(p− q) V c(p)
V aµ (q)
. (4.34)
Note that the subtracted contributions, when inserted in (4.32), correspond to external
scalar self-energies (ΦΦ) and scalar–vector mixing-energies (ΦV ).
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The expression between the curly brackets in (4.33) can be simplified using5,
lim
qµ→xpµ
k
2pkpl
[(pl + q)2 −M2ϕi′
l
]
=
1
x
+O
(
M2
s
)
, (4.35)
and the collinear Ward identity (6.32) for scalar bosons (ϕi = Φi). This yields
lim
qµ→xpµ
k
{
. . .
}
= lim
qµ→xpµ
k
{(
2
x
− 1
)
qµG
[V aΦi′
k
]
µ (q, pk − q)
+
2e
x
∑
l 6=k
∑
ϕi′
l
IV
a
ϕi′
l
ϕil
M
Φi′
k
ϕi′
l
0 (pk, pl)
 =
= −e
∑
Φi′′
k
IV
a
Φi′′
k
Φi′
k
M
Φi′′
k
0 (pk)
+
2e
x

∑
Φi′′
k
IV
a
Φi′′
k
Φi′
k
M
Φi′′
k
0 (pk) +
∑
l 6=k
∑
ϕi′
l
IV
a
ϕi′
l
ϕil
M
Φi′
k
ϕi′
l
0 (pk, pl)
 .(4.36)
Owing to global SU(2) × U(1) invariance (3.22) the part proportional to 1/x is mass-
suppressed as expected, since the soft-collinear contributions have been subtracted. Thus,
(4.33) turns into
δcollMΦik (pk) =
∑
V a,Φi′
k
,Φi′′
k
µ4−D
∫
dDq
(2π)D
−ie2IV aΦi′′
k
Φi′
k
I V¯
a
Φi′
k
Φik
(q2 −M2V a)[(pk − q)2 −M2Φi′
k
]
M
Φi′′
k
0 (pk),
(4.37)
and adopting the logarithmic approximation as in (4.27)–(4.29) we obtain the collinear
factor
δcollΦi′′Φi
LA
=
α
4π
δΦi′′Φi
{
CewΦ log
µ2
M2W
+
∑
V a=Z,W±
∑
Φi′
IV
a
ΦiΦi′
I V¯
a
Φi′Φi
log
(
M2W
max (M2W,M
2
Φi
,M2Φi′
)
) .(4.38)
For Higgs bosons we simply have
δcollHH
LA
=
α
4π
CewΦ log
µ2
M2H
, (4.39)
whereas for the would-be Goldstone bosons Φb = χ, φ
± associated to the gauge bosons
V b = Z,W±, using (C.29) we have
δcollΦbΦb
LA
=
α
4π
{
CewΦ log
µ2
M2W
− 1
4s2
W
M2
V b
M2W
log
M2H
M2W
}
. (4.40)
5Since the soft-collinear contributions are subtracted, we do not need a regularization of 1/x for x→ 0.
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4.2.3 Factorization for transverse gauge bosons
Next, we consider the collinear enhancements generated by the virtual splittings
V bkν (pk)→ V aµ (q)V
b′
k
ν′ (pk − q), (4.41)
where an incoming on-shell transverse gauge boson V bkT = AT, ZT,W
±
T emits a virtual
collinear gauge boson V a = A,Z,W+,W−. In the collinear approximation qµ → xpµk , the
vertices (4.23) corresponding to these splittings give V¯ aµ
V b
T
V b
′
ν′

coll.
=
= lim
qµ→xpµ
k
ενT(pk)ieI
V¯ a
V b
′
V b
[
gµν
′
(pk − 2q)ν + gν′ν (−2pk + q)µ + gµν (pk + q)ν
′
] −i
D1
= lim
qµ→xpµ
k
−eI V¯ a
V b
′
V b
D1
[
(2pk − q)µεν′T (pk)− (pk + q)ν
′
εµT(pk)
]
=
−eI V¯ a
V b
′
V b
D1
[(
2
x
− 1
)
qµεν
′
T (pk)−
(
2
1− x − 1
)
(pk − q)ν′εµT(pk)
]
, (4.42)
where D1 = [(pk−q)2−M2V b′+iε]. Here we have used the transversality of the polarization
vector which leads to ενT(pk) (pk − 2q)ν = 0 in the limit qµ → xpµk . In the fractions 2/x
and 2/(1 − x) we have isolated the terms that correspond to the eikonal approximation
for a soft-collinear V a gauge boson (x→ 0) and a soft-collinear V b′ gauge boson (x→ 1),
respectively.
The SL collinear corrections associated to external gauge bosons are given by
δcollMV
bk
T (pk) =
1
2
∑
V a,V
b′
k


V a
V b
′
k
V
bk
T

trunc.
−
∑
l 6=k
∑
ϕi′
l

V b
′
k
ϕi′
l
V a
V
bk
T
ϕil
+
V a
ϕi′
l
V b
′
k
V
bk
T
ϕil

eik.

coll.
, (4.43)
where the rhs has been written in a manifestly symmetric way with respect to an in-
terchange of the gauge bosons V a and V b
′
k resulting from the splitting (4.41). In par-
ticular, the subtracted eikonal contributions have been decomposed into terms originat-
ing from soft-collinear V a bosons (qµ → 0) as well as from soft-collinear V b′k bosons
(qµ → pµk). The symmetry factor 1/2 compensates double counting in the sum over
V a, V b
′
k = A,Z,W+,W−.
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Using (4.42) and (3.16) for the eikonal contributions we obtain
δcollMV bkT (pk) = 1
2
∑
V a,V
b′
k
µ4−D
∫
dDq
(2π)D
ieI V¯
a
V
b′
kV bk
(q2 −M2V a)[(pk − q)2 −M2
V
b′
k
]
× lim
qµ→xpµ
k
{[(
2
x
− 1
)
qµεν
′
T (pk)−
(
2
1− x − 1
)
(pk − q)ν′εµT(pk)
]
G
[V aV
b′
k ]
µν′ (q, pk − q)
+
∑
l 6=k
∑
ϕi′
l
[ 4eplpkIV aϕi′
l
ϕil
[(pl + q)2 −M2ϕi′
l
]
M
V
b′
k
T
ϕi′
l
0 (pk, pl)
−
4eplpkI
V
b′
k
ϕi′
l
ϕil
[(pl + pk − q)2 −M2ϕi′
l
]
M
V a
T
ϕi′
l
0 (pk, pl)
]}
, (4.44)
where according to the definition (4.26),
G[V
aV b]
µν (q, p− q) =
V bν (p − q)
V aµ (q)
−
∑
V c
V bν (p− q) V c(p)
V aµ (q)
−
∑
Φj
V bν (p− q) Φj(p)
V aµ (q)
. (4.45)
The expression between the curly brackets on the rhs of (4.44) can be simplified by means
of (4.35),
lim
qµ→xpµ
k
2pkpl
[(pl + pk − q)2 −M2ϕi′
l
]
=
1
1− x +O
(
M2
s
)
, (4.46)
and by using the collinear Ward identity (6.32) for gauge bosons (ϕi = V
b
ν ) and the
equivalent identity
lim
qµ→xpµ(p− q)
νεµT(p)G
[V aV b]O
µν (q, p− q, r) = e
∑
V b
′
MV
b′
T
O
0 (p, r)I
V b
V b
′
V a
. (4.47)
This leads to
lim
qµ→xpµ
k
{
. . .
}
=
= lim
qµ→xpµ
k
{[(
2
x
− 1
)
εν
′
T (pk)q
µ −
(
2
1− x − 1
)
εµT(pk)(p − q)ν
′
]
G
[V aV
b′
k ]
µν′ (q, pk − q)
+
∑
l 6=k
∑
ϕi′
l
[
2e
x
IV
a
ϕi′
l
ϕil
M
V
b′
k
T
ϕi′
l
0 (pk, pl)−
2e
1− xI
V
b′
k
ϕi′
l
ϕil
M
V a
T
ϕi′
l
0 (pk, pl)
]}
= −e
∑
V
b′′
k
[
IV
a
V
b′′
kV
b′
k
− IV b
′
k
V
b′′
kV a
]
MV
b′′
k
T
0 (pk)
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+
2e
x
(∑
V
b′′
k
IV
a
V
b′′
kV
b′
k
MV
b′′
k
T
0 (pk) +
∑
l 6=k
∑
ϕi′
l
IV
a
ϕi′
l
ϕil
M
V
b′
k
T
ϕi′
l
0 (pk, pl)
)
− 2e
1− x
(∑
V
b′′
k
IV
b′
k
V
b′′
kV a
MV
b′′
k
T
0 (pk) +
∑
l 6=k
∑
ϕi′
l
IV
b′
k
ϕi′
l
ϕil
M
V a
T
ϕi′
l
0 (pk, pl)
)
. (4.48)
Again, the soft-collinear terms proportional to 1/x and 1/(1 − x) are mass-suppressed
owing to global SU(2) × U(1) invariance (3.22), so that only the first term in (4.48)
remains. Inserting this into (4.44) with IV
b
V cV a = −IV
a
V cV b
, we find
δcollMV bkT (pk) =
∑
V a,V
b′
k ,V
b′′
k
µ4−D
∫
dDq
(2π)D
−ie2IV a
V
b′′
kV
b′
k
I V¯
a
V
b′
kV bk
(q2 −M2V a)[(pk − q)2 −M2
V
b′
k
]
MV
b′′
k
T
0 (pk).
(4.49)
Adopting the logarithmic approximation as in (4.27)–(4.29) we obtain the collinear factor
δcoll
V
b′′
k
T
V
bk
T
LA
=
α
4π
Cew
V
b′′
kV bk
log
µ2
M2W
, (4.50)
since in all diagrams contributing to (4.49) the largest mass scale is given by MW ∼MZ.
4.2.4 Factorization for fermions
We finally consider the collinear enhancements generated by the virtual splittings
fκj,σ(pk)→ V aµ (q)fκj′,σ′(pk − q), (4.51)
where a virtual collinear gauge boson V a = A,Z,W+,W− is emitted by an incoming
on-shell fermion fκj,σ, i.e. a quark or lepton f = Q,L, with chirality κ = L,R, isospin index
σ = ±, and generation index j = 1, 2, 3. In the collinear approximation qµ → xpµk , the
vertices (4.23) corresponding to these splittings give V¯ aµ
fκ
j,σ
fκ
j′,σ′

coll.
= lim
qµ→xpµ
k
−i(p/k − q/)
D1
(−ieγµ)I V¯ afκ
j′,σ′
fκ
j,σ
uκ(pk) =
= lim
qµ→xpµ
k
−eI V¯ afκ
j′,σ′
fκ
j,σ
D1
uκ(pk)(2pk − 2q)µ =
−eI V¯ afκ
j′,σ′
fκ
j,σ
D1
uκ(pk)
(
2
x
− 2
)
qµ, (4.52)
where D1 = [(pk − q)2 − m2fj′,σ′ + iε], and the fermionic gauge couplings are defined in
(C.25). Here we have used the Dirac equation which implies
(p/k − q/)γµuκ(pk) → [{(p/k − q/), γµ}+O(mj,σ)] uκ(pk)
= 2(pk − q)µuκ(pk) +O(mj,σ)uκ(pk) (4.53)
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for qµ → xpµk . With (4.52) and with (3.16) for the eikonal contributions the amplitude
δcollMfκj,σ(pk) =
∑
V a
∑
j′σ′


V a
fj,σ
fj′,σ′

trunc.
−
∑
l 6=k
∑
ϕi′
l

V a
fj,σ
ϕil
fj′,σ′
ϕi′
l

eik.

coll.
(4.54)
reads
δcollMfκj,σ(pk) =
∑
V a=A,Z,W±
∑
j′,σ′
µ4−D
∫
dDq
(2π)D
ieI V¯
a
σ′σU
V¯ a
j′j
(q2 −M2V a)[(pk − q)2 −m2fj′,σ′ ]
× lim
qµ→xpµ
k
{(
2
x
− 2
)
qµG
[V aΨκ
j′,σ′
]
µ (q, pk − q)u(pk)
+
∑
l 6=k
∑
ϕi′
l
4eplpkI
V a
ϕi′
l
ϕil
[(pl + q)2 −M2ϕi′
l
]
M
fκ
j′,σ′
ϕi′
l
0 (pk, pl)
}
, (4.55)
where UV
a
is the unitary mixing matrix defined in (C.20). According to the definition
(4.26) the Green function G
[V aΨκj,σ ]
µ is diagrammatically given by
G
[V aΨκj,σ ]
µ (q, p − q) =
Ψκ
j,σ
(p− q)
V aµ (q)
−
∑
Ψ¯
Ψκ
j,σ
(p− q) Ψ(p)
V aµ (q)
. (4.56)
With (4.35) and with the collinear Ward identity (6.55) for fermions, the expression be-
tween the curly brackets in (4.55) simplifies into
lim
qµ→xpµ
k
{
. . .
}
= lim
qµ→xpµ
k
(
2
x
− 2
)
qµG
[V aΨκ
j′,σ′
]
µ (q, pk − q)u(pk)
+
2e
x
∑
l 6=k
∑
ϕi′
l
IV
a
ϕi′
l
ϕil
M
fκ
j′,σ′
ϕi′
l
0 (pk, pl)
= −2e
∑
j′′,σ′′
IV
a
σ′′σ′U
V a
j′′j′M
fκ
j′′,σ′′
0 (pk)
+
2e
x

∑
j′′,σ′′
IV
a
σ′′σ′U
V a
j′′j′M
fκ
j′′,σ′′
0 (pk) +
∑
l 6=k
∑
ϕi′
l
IV
a
ϕi′
l
ϕil
M
fκ
j′,σ′
ϕi′
l
0 (pk, pl)
 .
Again, the soft-collinear contributions proportional to 1/x are mass-suppressed owing to
global gauge invariance (3.22), and we obtain
δcollMfκj,σ(pk) =
∑
V a,j′,j′′,σ′,σ′′
µ4−D
∫
dDq
(2π)D
−2ie2IV aσ′′σ′UV
a
j′′j′I
V¯ a
σ′σU
V¯ a
j′j
(q2 −M2V a)[(pk − q)2 −m2fj′,σ′ ]
Mf
κ
j′′,σ′′
0 (pk).
(4.57)
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Performing the logarithmic approximation as in (4.27)–(4.29) and using the unitarity of
the mixing matrix,
∑
j′ U
V a
j′′j′U
V¯ a
j′j = δj′′j, we obtain the collinear factor
δcollfκ
j′′ ,σ′′
fκ
j,σ
LA
= δσ′′σ
α
2π
{
δj′′j
[
Cewfκ
j,σ
log
µ2
M2W
+Q2fj,σ log
M2W
m2fj,σ
]
− δfQ
{
δj′′j
[
δσ+δj3
((
IZtκ
)2
+
δκL
2s2
W
)]
+ δσ−
δκL
2s2
W
V+j′′3V3j
}
log
m2t
M2W
}
.
(4.58)
The first line contains the symmetric electroweak and the pure electromagnetic contribu-
tions. The log (mt/MW) terms in the second line originate only from diagrams involving
real and/or virtual top quarks. The term proportional to δσ+δj3 contributes only in the
case of external top quarks Qκ3,+ = t
κ, whereas the term proportional to δκLδσ−V+j′′3V3j
contributes in the case of left-handed down quarks QLj,− of all three generations and gives
also rise to mixing between the generations j′′ 6= j. However, owing to the phenomenolog-
ical values
|V33| = 0.999, |Vj3| < 0.05, for j 6= 3, (4.59)
of the quark-mixing matrix, and since
α
4π
1
s2
W
log
m2t
M2W
∼ 0.004, (4.60)
the contributions to (4.58) with j, j′′ 6= 3 are smaller than 2× 10−4 and we can use
V+j′′3V3j ∼ δj′′jδj3, (4.61)
so that
δcollfκ
j′′,σ′′
fκ
j,σ
LA
= δσ′′σδj′′j
α
2π
{
Cewfκ
j,σ
log
µ2
M2W
+Q2fj,σ log
M2W
m2fj,σ
+ δfQδj3
[
δσ+
(
IZtκ
)2
+
δκL
2s2
W
]
log
M2W
m2t
}
. (4.62)
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Chapter 5
Mass singularities from
wave-function renormalization
In this chapter we consider the mass singularities that originate from the renormalization
of the asymptotic fields and from the corrections to the GBET. These mass singularities
appear as logarithms involving the ratio of the scale µ of dimensional regularization to the
renormalization scale M for the on-shell fields, i.e. their physical mass. The corresponding
corrections to S-matrix elements, which we generically denote by δWFM, can be easily
associated to the external states in the form
δWFMϕi1 ... ϕin (p1, . . . , pn) =
n∑
k=1
∑
ϕi′
k
M
ϕi1 ... ϕi′
k
... ϕin
0 (p1, . . . , pn) δ
WF
ϕi′
k
ϕik
. (5.1)
In Sect. 5.1, we consider the contributions associated to external Higgs bosons, transverse
gauge-bosons and fermions or antifermions, which are simply given by the corresponding
field-renormalization constants (FRC’s) δZ as
δWFϕi′
k
ϕik
=
1
2
δZϕi′
k
ϕik
. (5.2)
In Sect. 5.2 we consider the contributions associated to external longitudinal gauge bosons
V bL = ZL,W
±
L . These have to be treated with the GBET. Therefore, as can be seen in
(2.21), one has to take into account the FRC’s for would-be Goldstone bosons Φb = χ, φ
±
together with the the corrections δAV
b
to the GBET, resulting into the effective factors
δWF
V b
′
L
V b
L
=
1
2
δZΦb′Φb + δA
V bδV b′V b , (5.3)
where δV b′V b represents the Kronecker symbol. Since the unphysical would-be Goldstone
bosons can be kept unrenormalized, we will restrict ourselves to the corrections to the
GBET, which involve the FRC’s of the gauge bosons as well as mixing-energies between
gauge bosons and would-be Goldstone bosons.
Combining the contributions (5.1) with the collinear mass singularities (4.1) that orig-
inate from truncated loop diagrams we obtain the complete and gauge-invariant SL mass-
singular corrections that are associated with external states
δCMϕi1 ... ϕin (p1, . . . , pn) =
n∑
k=1
∑
ϕi′
k
M
ϕi1 ... ϕi′
k
... ϕin
0 (p1, . . . , pn) δ
C
ϕi′
k
ϕik
, (5.4)
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with
δCϕi′
k
ϕik
=
(
δWFϕi′
k
ϕik
+ δcollϕi′
k
ϕik
)∣∣∣∣
µ2=s
. (5.5)
As explained in the introduction, we exploit the µ-independence of the S matrix and
choose the scale µ2 = s in order to suppress all logarithms of the type log (rkl/µ
2) which
result from loop diagrams.
Since we apply the GBET, for external longitudinal gauge bosons the collinear fac-
tors δcoll for the corresponding would-be Goldstone bosons have to be used in (5.5). In
Sect. 5.2.3, we compare our complete corrections for longitudinal gauge bosons with the
corrections for physical would-be Goldstone bosons in the symmetric phase of the elec-
troweak theory.
The contributions described above are derived in the following using the ’t Hooft–
Feynman gauge.
5.1 Wave-function renormalization and collinear mass sin-
gularities
The contributions (5.2) from FRC’s originate from the renormalization of the bare fields
ϕik,0 =
∑
ϕi′
k
(
δϕikϕi′
k
+
1
2
δZϕikϕi′
k
)
ϕi′
k
, (5.6)
which leads to the relation
G
ϕi1 ... ϕin
0 =
∑
ϕi′
1
,...,ϕi′n
n∏
k=1
[
δϕikϕi′
k
+
1
2
δZϕikϕi′
k
]
G
ϕi1 ... ϕi′
k
... ϕin , (5.7)
between bare and renormalized connected Green functions1. The corresponding one-loop
relation (5.1) between matrix elements is simply obtained by truncation of (5.7).
In the Sects. 5.1.1–5.1.3 we evaluate the FRC’s δZ for Higgs bosons, gauge bosons, and
fermions, and combine them with the corresponding collinear factors as in (5.5). First, we
specify the on-shell renormalization conditions [46] for the fields and the resulting relations
between FRC’s and self-energies. Then, we present the FRC’s that have been obtained
by an explicit evaluation of the electroweak self-energies, using the generic Feynman rules
listed in Appendix C and the logarithmic approximation (LA) for 2-point functions and
their derivatives that are summarized in Appendix F. These results are in agreement with
the exact electroweak FRC’s [46] in the high-energy limit.
5.1.1 Higgs bosons
The bare Higgs field H0 and its bare mass MH,0 are renormalized by the transformations
H0 =
(
1 +
1
2
δZHH
)
H, M2H,0 =M
2
H + δM
2
H, (5.8)
1Note that in the renormalized Green function in (5.7) the parameters are kept unrenormalized. The
parameter-renormalization is discussed in Ch. 7.
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and the renormalized one-particle irreducible (1PI) 2-point function reads
iΓHH(p2) = i(1 + δZHH)
(
p2 − (M2H + δM2H)
)
+ iΣHH0 (p
2). (5.9)
The FRC δZHH is fixed by the renormalization condition
R˜e
∂ΓHH(p2)
∂p2
∣∣∣∣∣
p2=M2
H
= 1, (5.10)
so that the residuum of the Higgs propagator equals one. Here R˜e removes only the
absorptive part of loop integrals and does not affect the imaginary part of the components
of the quark-mixing matrix. The Higgs-mass counterterm is determined by
R˜e ΓHH(p2)
∣∣∣
p2=M2
H
= 0, (5.11)
so that the renormalized Higgs mass corresponds to the pole of the propagator, and it
reads
δMH = R˜eΓ
HH(M2H). (5.12)
Owing to (5.10), the FRC is given by the bare Higgs self-energy as
δZHH = − ∂
∂p2
R˜eΣHH0 (p
2)
∣∣∣∣
p2=M2
H
. (5.13)
The following diagrams contribute to the Higgs self-energy
ΣHH0 =
H H
Φk
V a
+
H H
fj,σ
f¯j′,σ′
+
H H
V a
V b
+
H H
Φk
Φl
+
H H
ua
u¯b
+
H H
V c
+
H H
Φk
(5.14)
Here and in the following we do not consider tadpole diagrams, since we assume that
the 1PI Higgs 1-point function has been renormalized as in (7.26), such that all tadpole
diagrams are compensated by the tadpole counterterm δt and can be neglected.
The contribution of the diagrams (5.14) to (5.13) has been evaluated using the 2-
point functions in LA given in Appendix F. It turns out that only the first two diagrams
contribute, whereas the diagrams which contain couplings with mass dimension do not give
rise to large logarithmic contributions. In particular it has been checked that the terms
M4
H
M2
W
B¯′0(M2H,MW,MW) that originate from the scalar diagram do not give large logarithms
log (M2H/M
2
W) in the heavy Higgs limit MH ≫MW. For the Higgs FRC we obtain
δZHH
LA
=
α
4π
{
2CewΦ log
µ2
M2H
− N
t
C
2s2w
m2t
M2W
log
µ2
M2H,t
}
(5.15)
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in LA. The bosonic diagram gives the term proportional to CewΦ , which is the eigenvalue of
the Casimir operator (B.28) for the scalar doublet. The fermionic diagrams receive large
contributions only from virtual top quarks, with the colour factor N tC = 3. The scale of
the Yukawa logarithms is determined by the largest mass-scale in the loop, i.e. by [see
(2.15)]
MH,t := max (MH,mt). (5.16)
Combining (5.15) with the collinear factor for Higgs bosons (4.38) as in (5.5) we obtain
the complete correction factor
δCHH =
α
4π
{
2CewΦ log
s
M2H
− 3
4s2
W
m2t
M2W
log
s
M2H,t
}
. (5.17)
5.1.2 Transverse gauge bosons
The bare physical gauge-boson fields and their masses are renormalized by the transfor-
mations
V aµ,0 =
∑
V b
(
δV aV b +
1
2
δZV aV b
)
V bµ , V
a, V b = A,Z,W+,W−, (5.18)
M2V a,0 = M
2
V a + δM
2
V a , V
a = Z,W+,W−, (5.19)
with a non-diagonal field-renormalization matrix δZ. Decomposing the renormalized 1PI
2-point function into transverse and longitudinal parts,
ΓV
aV¯ b
µν (p) =
(
gµν − pµpν
p2
)
ΓV
aV¯ b
T (p
2) +
pµpν
p2
ΓV
aV¯ b
L (p
2), (5.20)
the transverse part reads
ΓV
aV¯ b
T (p
2) = −p2
[
δV aV b +
1
2
δZV aV b +
1
2
δZV bV a
]
+
(
M2V a + δM
2
V a
)
δV aV b
+
M2V a
2
δZV aV b +
M2
V b
2
δZV bV a − ΣV
aV¯ b
T,0 (p
2), (5.21)
and is constrained by the following renormalization conditions
R˜e ΓV
aV¯ b
µν (p)ε
ν(p)
∣∣∣
p2=M2
V a
= 0, ∀ V a, V b, (5.22)
lim
p2→M2
V a
1
p2 −M2V a
R˜e ΓV
aV¯ a
µν (p)ε
ν(p) = −εµ(p). (5.23)
The first condition (5.22) fixes the mass counterterms
δM2V a = R˜e Γ
V aV¯ a
T,0 (M
2
V a), V
a = Z,W+,W−, (5.24)
such that the renormalized masses correspond to the poles of the propagators projected
on the physical polarization vectors. Furthermore, it guarantees that the on-shell fields do
not mix by requiring for the non-diagonal components of the field-renormalization matrix
δZV aV b =
2R˜eΣV
bV¯ a
T,0 (M
2
V b
)
M2V a −M2V b
for V a 6= V b. (5.25)
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The only non-vanishing components of (5.25) are given by the mixing-energies ΣAZ(p2) =
ΣZA(p2) 6= 0 and read
δZAZ = −2R˜e
ΣAZT,0(M
2
Z)
M2Z
, δZZA = 2R˜e
ΣAZT,0(0)
M2Z
. (5.26)
The diagonal components of the field-renormalization matrix are determined by the renor-
malization condition (5.23) and read
δZV aV a = −R˜e
∂ΣV
aV¯ a
T,0 (p
2)
∂p2
∣∣∣∣∣
p2=M2
V a
. (5.27)
The field renormalization constants are obtained by evaluating following Feynman
diagrams
− iΣV aV¯ bµν,0 =
V aµ V¯ bν
V c
V d
+
V aµ V¯ bν
uc
u¯d
+
V aµ V¯ bν
Φk
Φj
+
V aµ V¯ bν
fj,σ
f¯j′,σ′
+ V
a
µ V¯ bν
V c
+ V
a
µ V¯ bν
Φk
+
V aµ V¯
b
ν
V c
Φk
(5.28)
in LA. Also here tadpole diagrams are omitted since they are compensated by the tadpole
renormalization (7.26). The results for the diagonal components (5.27) and the off-diagonal
components (5.26) can be combined as follows using the antisymmetric matrix E defined
in (B.20),
δZV aV b
LA
=
α
4π
{[
bewV aV b − 2CewV aV b + bewAZEV aV b
]
log
µ2
M2W
+ 2δV aV bQ
2
V a log
M2W
λ2
}
− δV aAδV bA∆α(M2W) + δZH,tV aV b . (5.29)
The terms log (µ2/M2W) constitute the symmetric electroweak part. They are expressed
in terms of the coefficients of the β-function bew
V aV b
defined in Appendix B.6 and the elec-
troweak Casimir operator Cew
V aV b
in the adjoint representation (B.29). We observe that
this symmetric electroweak part can be related to a diagonal renormalization matrix δZ˜
for the gauge-group eigenstate fields
V˜ aµ,0 =
∑
V˜ b
(
δV˜ aV˜ b +
1
2
δZ˜V˜ aV˜ b
)
V˜ bµ , V˜
a, V˜ b = B,W 1,W 2,W 3. (5.30)
The relation between (5.18) and (5.30) is obtained from the renormalization of the Wein-
berg rotation (B.9) and reads
δZ = U(θw)δZ˜U
−1(θw) + 2δU(θw)U−1(θw). (5.31)
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The first term in (5.29) is symmetric and corresponds to the first term in (5.31) that
originates from
δZ˜V˜ aV˜ b =
α
4π
δV˜ aV˜ b
[
b˜ew
V˜ a
− 2C˜ew
V˜ a
]
log
µ2
M2W
(5.32)
for the symmetric fields. This matrix δZ˜ is diagonal, because the U(1) and SU(2) com-
ponents do not mix through self-energy loop diagrams. The antisymmetric part of (5.29),
i.e. the term proportional to EV aV b , is related to the second term in (5.31), which corre-
sponds to the renormalization of the weak mixing angle in (B.9). In fact, using the explicit
expression (7.17) for the renormalization of the weak mixing angle in LA we have
2
[
δU(θw)U
−1(θw)
]
V aV b
=
cW
sW
δc2
W
c2
W
EV aV b
LA
=
α
4π
bewAZEV aV b log
µ2
M2W
, (5.33)
up to logarithmic terms of the type log(m2t/M
2
W) and log(M
2
H/M
2
W).
The infrared-divergent logarithm log (M2W/λ
2) in the first line of (5.29) originates from
soft photons in the first and in the last diagram in (5.28). It contributes only to the
δZW±W± components. The first term in the second line of (5.29) is a contribution to the
δZAA component originating from light-fermion loops. It reads
∆α(M2W) =
α
3π
∑
fj,σ 6=t
NfCQ
2
fj,σ
log
M2W
m2fj,σ
, (5.34)
where the sum runs over the generations j = 1, 2, 3 of leptons and quarks f = L,Q with
isospin σ = ±, omitting the top-quark contribution and NfC is the colour factor. This
contribution corresponds to the running of the electromagnetic coupling constant from
zero to the scale MW.
Finally, the last term in (5.29) contains all logarithms log (M2H/M
2
W) and log (m
2
t/M
2
W)
from diagrams with virtual top quarks or Higgs bosons and reads
δZH,t
V aV b
=
α
4π
{
δV aV b
M2V a
12s2
W
M2W
log
M2H
M2W
+
2N tC
3
TV aV b log
m2t
M2W
}
, (5.35)
where
TV aV b =
∑
κ=R,L
[(
IV
a
I V¯
b
+Q2V aI
V¯ bIV
a
)
tκtκ
+
(
IAIZ
)
tκtκ
EV aV b
]
,
(5.36)
with components
TW±W± =
1
2s2
W
, TZZ =
9− 24s2
W
+ 32s4
W
36s2
W
c2
W
, TAZ =
16s2
W
− 6
9sWcW
,
TZA = 0, TAA =
8
9
. (5.37)
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Combining as in (5.5) the FRC’s (5.29) with the collinear corrections (4.50) originating
from loop diagrams we obtain the complete correction factor
δC
V a
T
V b
T
=
α
4π
{
1
2
[
bewV aV b + b
ew
AZEV aV b
]
log
s
M2W
+ δV aV bQ
2
V a log
M2W
λ2
+ δV aV b
M2V a
24s2
W
M2W
log
M2H
M2W
+ TV aV b log
m2t
M2W
}
− 1
2
δV aAδV bA∆α(M
2
W).
(5.38)
The symmetric part of the log (s/M2W) terms and the electromagnetic logarithms agree
with Ref. [28]. In Ref. [28] however, the antisymmetric part proportional to EV aV b is
not present. This part is a specific consequence of the on-shell renormalization condition
(5.22), which ensures in particular that on-shell photons and Z bosons do not mix. The
resulting off-diagonal components of (5.38) read
δCAZ =
α
4π
{
bewAZ log
s
M2W
+ TAZ log
m2t
M2W
}
, δCZA = 0, (5.39)
and, owing to EAZ = −EZA = 1, the correction factor for external photons does not
involve mixing with Z bosons.
5.1.3 Chiral fermions
The bare fields of chiral fermions Ψκj,σ,0 and the bare fermionic masses mfj,σ,0 are renor-
malized by the transformations
fκj,σ,0 =
3∑
j′=1
(
δjj′ +
1
2
δZfκ
j,σ
fκ
j′,σ
)
fκj′,σ,
mfj,σ,0 = mfj,σ + δmfj,σ , (5.40)
where f = Q,L, κ = R,L, j = 1, 2, 3, σ = ±, and δZ is a matrix in the indices jj′. The
renormalized 1PI 2-point function can be decomposed as
ΓΨj,σΨ¯j′,σ(p) =
∑
κ=L,R
[
p/ωκΓ
Ψj,σΨ¯j′,σ
V,κ (p
2) + ωκΓ
Ψj,σΨ¯j′,σ
S,κ (p
2)
]
, (5.41)
with ωR,L = ω+,− = (1± γ5)/2, and the components read
Γ
Ψj′,σΨ¯j,σ
V,κ (p
2) = δjj′ +
1
2
(
δZfκ
j,σ
fκ
j′,σ
+ δZ+fκ
j,σ
fκ
j′,σ
)
+Σ
Ψj′,σΨ¯j,σ
V,κ,0 (p
2)
Γ
Ψj′,σΨ¯j,σ
S,κ (p
2) = −
(
mfj,σ + δmfj,σ
)
δjj′ − 1
2
(
mfj,σδZfκj,σf
κ
j′,σ
+mfj′,σδZ
+
f κ¯
j,σ
f κ¯
j′,σ
)
+Σ
Ψj′,σΨ¯j,σ
S,κ,0 (p
2),
(5.42)
where κ¯ = L,R for κ = R,L. The counterterms are fixed by following renormalization
conditions. Firstly, one requires
R˜e ΓΨj′,σΨ¯j,σ(p)uj′,σ(p)
∣∣∣
p2=m2
f
j′,σ
= 0, (5.43)
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so that the on-shell fields do not mix and the poles of the propogators (projected on the
Dirac spinors) coincide with the renormalized masses. Secondly, the normalization of the
fermionic fields is fixed by
lim
p2→m2
fj,σ
p/+mfj,σ
p2 −m2fj,σ
R˜e ΓΨj,σΨ¯j,σ(p)uj,σ(p) = uj,σ(p). (5.44)
The matrices δZ resulting from these renormalization conditions have off-diagonal com-
ponents
δZfκ
j,σ
fκ
j′,σ
=
2
m2fj,σ −m2fj′,σ
R˜e
[
m2fj,σΣ
Ψj′,σΨ¯j,σ
V,κ,0 (m
2
fj,σ
) +mfj,σmfj′,σΣ
Ψj′,σΨ¯j,σ
V,κ¯,0 (m
2
fj,σ
)
+ mfj,σΣ
Ψj′,σΨ¯j,σ
S,κ,0 (m
2
fj,σ
) +mfj′,σΣ
Ψj′,σΨ¯j,σ
S,κ¯,0 (m
2
fj,σ
)
]
, for j 6= j′, (5.45)
with κ¯ = L,R for κ = R,L, and diagonal components
δZfκ
j,σ
fκ
j,σ
= −R˜eΣΨj,σΨ¯j,σV,κ,0 (m2fj,σ)
−mfj,σ
∑
κ′=R,L
∂
∂p2
R˜e
[
mfj,σΣ
Ψj,σΨ¯j,σ
V,κ′,0 (p
2) +Σ
Ψj,σΨ¯j,σ
S,κ′,0 (p
2)
]∣∣∣∣
p2=m2
fj,σ
,(5.46)
for κ = R,L. The mass counterterms are given by
δmfj,σ =
1
2
∑
κ=R,L
R˜e
[
mfj,σΣ
Ψj,σΨ¯j,σ
V,κ,0 (m
2
fj,σ
) + Σ
Ψj,σΨ¯j,σ
S,κ,0 (m
2
fj,σ
)
]
. (5.47)
The FRC’s are determined by evaluating the contributions of the loop diagrams
iΣ
Ψj′,σΨ¯j,σ
0 =
fj′,σ f¯j,σ
fj′′,σ′′
V a
+
fj′,σ f¯j,σ
fj′′,σ′′
Φk
(5.48)
in LA. The non-diagonal components (5.45) are given by the mixing-energies, and these
can be generated only by virtual charged gauge bosons and would-be Goldstone bosons
through the mixing matrix (C.20). In LA we have
δZfκ
j,σ
fκ
j′,σ
∼ Σfj′,σ f¯j,σ0 (m2fκj,σ)
∝
∑
j′′
Uf
L,Wσ
jj′′ U
fL,W−σ
j′′j′
log µ2
M2W
+ log
 M2W
max (M2W,m
2
fj,σ
,m2fj′′,−σ
)

= δfQδσ−V+j3V3j′ log
M2W
m2t
, for j 6= j′. (5.49)
where, owing to the unitarity of the quark-mixing matrix, only diagrams involving virtual
top quarks (fj′′,−σ = Q3,+ = t) give non-vanishing contributions. The largest ones are
those enhanced by the top Yukawa couplings and are of the order
α
4π
m2t
s2
W
M2W
|V+j3V3j′ | log
m2t
M2W
< 10−3, for j 6= j′, (5.50)
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owing to the small phenomenological values of the non-diagonal components of the quark-
mixing matrix (4.59). Therefore, with an accuracy at the percent level we can assume
δZfκ
j,σ
fκ
j′,σ
LA
= 0, for j 6= j′. (5.51)
For the diagonal components (5.46) we obtain
δZfκ
j,σ
fκ
j,σ
LA
=
α
4π
[
−Cewfκ
j,σ
log
µ2
M2W
+Q2fj,σ
(
2 log
M2W
λ2
− 3 log M
2
W
m2fj,σ
)]
+ δZtopfκ
j,σ
.(5.52)
The first two terms originate from virtual gauge bosons. The first one, proportional to
the eigenvalue of the Casimir operator (B.28) for fermions, is a symmetric electroweak
contribution, and the second one is a pure electromagnetic contribution. The remaining
part is the contribution from scalar and gauge-boson loops involving external and/or
virtual top quarks. It reads
δZtopfκ
j,σ
LA
=
= −δfQ α
4π
{
m2t
4s2
W
M2W
[(
δσ+δj3(1 + δκR) + δσ−δκLV+j3V3j
)
log
µ2
m2t
+
1
2
δσ+δj3 log
m2t
M2H,t
]
+
[
δσ+δj3
((
IZtκ
)2
+
δκL
2s2
W
)
+ δσ−
δκL
2s2
W
V+j3V3j
]
log
M2W
m2t
}
≃ −δfQδj3 α
4π
{
m2t
4s2
W
M2W
[
(δσ+(1 + δκR) + δσ−δκL) log
µ2
m2t
+
1
2
δσ+ log
m2t
M2H,t
]
+
[
δσ+
(
IZtκ
)2
+
δκL
2s2
W
]
log
M2W
m2t
}
. (5.53)
Also here, the non-diagonal elements V3j of the quark-mixing matrix (4.59) lead to very
small contributions, and up to an error of the order 10−4 at µ = 1TeV we can setV3j ≃ δ3j .
Combining (5.52) with the collinear factor for fermions (4.62) as in (5.5), we obtain
the complete SL correction factor
δCfκ
j′′ ,σ′′
fκ
j,σ
= (5.54)
= δjj′′δσσ′′
{
α
4π
[
3
2
Cewfκ
j,σ
log
s
M2W
+Q2fj,σ
(
1
2
log
M2W
m2f
+ log
M2W
λ2
)]
+ δC,topfκ
j,σ
}
,
with the top-quark contributions
δC,topfκ
j,σ
= δfQδj3
α
4π
{
− m
2
t
8s2
W
M2W
[
(δσ+(1 + δκR) + δσ−δκL) log
s
m2t
+
1
2
δσ+ log
m2t
M2H,t
]
+
3
2
[
δσ+
(
IZtκ
)2
+
δκL
2s2
W
]
log
M2W
m2t
}
. (5.55)
These ladder are sizable only for external heavy quarks fκj,σ = Q
κ
3,+ = t
κ and fκj,σ = Q
L
3,− =
bL, and give
δC,top
tL
=
α
4π
{
− m
2
t
8s2
W
M2W
[
log
s
m2t
+
1
2
log
m2t
M2H,t
]
+
16c4
W
+ 10c2
W
+ 1
24s2
W
c2
W
log
M2W
m2t
}
,
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δC,top
tR
=
α
4π
{
− m
2
t
8s2
W
M2W
[
2 log
s
m2t
+
1
2
log
m2t
M2H,t
]
+
2s2
W
3c2
W
log
M2W
m2t
}
,
δC,topbκ =
α
4π
δκL
{
− m
2
t
8s2
W
M2W
log
s
m2t
+
3
4s2
W
log
M2W
m2t
}
. (5.56)
In contrast to them2t corrections to the ρ parameter, which are only related to the (virtual)
left-handed (t,b) doublet, logarithmic Yukawa contributions appear also for (external)
right-handed top quarks.
5.2 Longitudinally polarized gauge bosons
As explained in Sect. 2.3, in the high-energy limit M2W/s → 0, the matrix elements in-
volving longitudinal gauge bosons V aL = ZL,W
±
L have to be expressed by matrix elements
involving the corresponding would-be Goldstone bosons Φa = χ, φ
± via the GBET. In this
approach, the corrections to matrix elements involving longitudinal gauge bosons have a
two-fold origin. On one hand there are corrections to the GBET (δAV
a
), which involve
the renormalization of the asymptotic gauge-boson fields (δZV a′V a) as well as the effects
of mixing between gauge bosons and would-be Goldstone bosons. On the other hand cor-
rections to the matrix elements involving the would-be Goldstone bosons originate from
the renormalization of the would-be-Goldstone-boson fields2 (δZΦa′Φa) and from truncated
loop diagrams (δcollΦa′Φa).
In Sect. 5.2.1 we derive the GBET following Ref. [52] and we relate the corrections
to the GBET to gauge-boson FRC’s, longitudinal gauge-boson self-energies and mixing-
energies between gauge bosons and would-be Goldstone bosons. In Sect. 5.2.2 we give our
results for the one-loop corrections to the GBET in logarithmic approximation and com-
bine them with the corrections to matrix elements involving would-be Goldstone bosons as
explained in (5.5). Finally, in Sect. 5.2.3, we compare our corrections associated with lon-
gitudinal gauge bosons with the corrections associated with physical would-be Goldstone
bosons in the symmetric phase of the electroweak theory.
5.2.1 Corrections to the Goldstone-boson equivalence theorem
We consider a matrix element involving a longitudinal gauge boson V aL with polarization
vector (2.18), and 1− n other arbitrary physical fields,
MV aL ϕi2 ...ϕin (p, p2 . . . , pn) = ǫµL(p)〈V aµ(p)ϕi2(p2) . . . ϕin(pn)〉
n∏
k=2
vϕik (pk) =
=
[
pµ
MV a
+O
(
MV a
p0
)]
〈V aµ(p)ϕi2(p2) . . . ϕin(pn)〉
n∏
k=2
vϕik (pk). (5.57)
For the amputated Green functions we use the notation3
〈V aµ(p)ϕi2(p2) . . . ϕin(pn)〉 = G
V aµϕi2
...ϕ
in (p, p2, . . . , pn). (5.58)
2Note that the unphysical would-be Goldstone bosons can be kept unrenormalized.
3More details concerning our notation for Green functions can be found in Appendix A.
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In order to derive the GBET for the matrix element (5.57), we start from following relation
between bare Green functions that follows from the BRS invariance of the bare electroweak
Lagrangian (cf. Appendix D),
0 = s
[
〈u¯a0 (x )
n∏
k=2
ϕ+ik ,0 (xk )〉
]
(5.59)
= − 1
ξa
〈C V¯ a0 (x)
n∏
k=2
ϕ+ik ,0(xk)〉 −
n∑
j=2
〈u¯a0(x)ϕ+i2,0(x2) . . . sϕ+ij ,0 (xj ) . . . ϕ+in ,0 (xn)〉,
where the gauge-fixing term C V¯
a
0 (C.28) is generated by the BRS variation su¯
a
0 (D.11)
of the antighost field. After Fourier transformation, amputation of the physical on-shell
legs ϕik and contraction with their polarization vectors, all terms generated by the BRS
variation of the physical on-shell fields sϕik vanish and one obtains
0 = pµ〈V¯ aµ,0(p)
n∏
k=2
ϕ+
ik,0
(pk)〉
n∏
k=2
vϕik,0(pk)
+ i(1−QV a )ξa,0MV a,0〈Φ+a,0(p)
n∏
k=2
ϕ+
ik,0
(pk)〉
n∏
k=2
vϕik,0(pk), (5.60)
where Φa = χ, φ
± are the would-be Goldstone bosons associated to the gauge fields V a =
Z,W±. In order to amputate these external lines Φa and V a we have to consider the
full propagator for gauge bosons and would-be Goldstone bosons, including mixing. This
reads
G
ϕiϕj
(µν) (p,−p) =
GV aV a′µν (p,−p) GV aΦb′µ (p,−p)
GΦbV
a′
ν (p,−p) GΦbΦb′ (p,−p)

=
 gTµνGV aV a′T (p2) + gLµνGV aV a′L (p2) pµGV aΦb′L (p2)
−pνGΦbV a
′
L (p
2) GΦbΦb′ (p2)
 , (5.61)
with
gTµν = gµν −
pµpν
p2
, gLµν =
pµpν
p2
. (5.62)
In the four sectors of (5.61) we have matrices with indices V a, V a
′
= A,Z,W± and
Φb,Φb′ = χ, φ
±, and these are constrained by the Ward identities [52]
p2GV¯
aV b
L,0 (p
2)− p2
[
i(QV¯ a+1)ξa,0MV a,0G
Φ+a V
b
L,0 (p
2) + i(QV b+1)ξb,0MV b,0G
V¯ aΦb
L,0 (p
2)
]
+ i(QV¯ a+QV b)ξa,0MV a,0ξb,0MV b,0G
Φ+a Φb
0 (p
2) = −iξa,0δV aV b , (5.63)
for V a, V b = A,Z,W±. Expressing (5.60) in terms of amputated Green functions times
propagators and mixing propagators we have∑
V b
{
GV¯
aV b
L,0 (p
2)− i(1−QV a )ξa,0MV a,0GΦ
+
a V
b
L,0 (p
2)
}
pµ〈V bµ,0(p)O〉 =
= −
∑
Φb
{
p2GV¯
aΦb
L,0 (p
2) + i(1−QV a )ξa,0MV a,0G
Φ+a Φb
0 (p
2)
}
〈Φb,0(p)O〉, (5.64)
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where the fields
∏
k ϕik have been denoted by the shorthand O, and their wave functions
have been omitted. For V a =W±, Z, the only mixing terms with V b 6= V a or Φb 6= Φa in
(5.64) that are allowed by charge conservation are terms with V a = Z and V b = A in the
first line. However, these terms cancel owing to the corresponding Ward identity (5.63),
so that we arrive at
pµ〈V aµ,0(p)O〉 = i(1−QV a )MV a,0AV
a
0 〈Φa,0(p)O〉, (5.65)
for V a = Z,W±, with
AV
a
0 = −
i(QV a−1)p2GV¯
aΦa
L,0 (p
2) + ξa,0MV a,0G
Φ+a Φa
0 (p
2)
MV a,0
[
GV¯
aV a
L,0 (p
2)− i(1−QV a )ξa,0MV a,0GΦ
+
a V a
L,0 (p
2)
] . (5.66)
Note that owing to
GW
−σWσ
′
L = δσσ′G
WW
L , G
φ−σφσ
′
= δσσ′G
φφ,
GW
−σφσ
′
L = G
φσ
′
W−σ
L = σδσσ′G
Wφ
L , (5.67)
we have AW
+
0 = A
W−
0 . The constants (5.66) can be expressed through the full
4 2-point
function Γ
ϕiϕj
(µν),0 which has the same structure as the propagator (5.61) and is related to it
by
g(νν
′)
∑
ϕj
G
ϕiϕj
(µν),0(p,−p)Γ
ϕjϕk
(ν′ρ),0(p,−p) = iδϕiϕkg(µρ), ϕi, ϕj , ϕk = A,Z,W±, χ, φ±.
(5.68)
We note that within a spontaneously broken theory this relation only applies to the full
two-point function, where also the tadpole contributions have to be taken into account.
In the ’t Hooft gauge (C.28), the components of Γ
ϕjϕk
0 are
5
ΓV¯
aV b
T,0 (p
2) = −δV aV b(p2 −M2V a,0)− ΣV¯
aV b
T,0 (p
2),
ΓV¯
aV b
L,0 (p
2) = −δV aV b
ξa,0
(p2 − ξa,0M2V a,0)−ΣV¯
aV b
L,0 (p
2),
ΓV¯
aΦb
L,0 (p
2) = ΓΦbV¯
a
L,0 (p
2) = ΣV¯
aΦb
L,0 (p
2),
ΓΦ
+
a Φb
0 (p
2) = δΦaΦb(p
2 − ξa,0M2V a,0) + ΣΦ
+
a Φb
0 (p
2). (5.69)
The constants (5.66) can be expressed as [52]
AV
a
0 =
p2/ξa,0 + Γ
V aV¯ a
L,0 (p
2)
MV a,0
[
MV a,0 − i(1+QV a )ΓV aΦ
+
a
L,0 (p
2)
] = 1 + δAV a0 , (5.70)
4Note that we here use the symbol Γϕiϕj for the full 2-point function (including tadpole diagrams)
which is normally only used for the 1PI part.
5In the notation of Ref. [52] the mixing energies for charged gauge bosons read
ΓW
σφ−σ
′
L = Γ
φ−σ
′
Wσ
L = σδσσ′Γ
Wφ
L .
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and in one-loop approximation
δAV
a
0 = −
ΣV
aV¯ a
L,0 (p
2)
M2V a,0
+ i(1+QV a )
ΣV
aΦ+a
L,0 (p
2)
MV a,0
. (5.71)
We can now renormalize the relation (5.65) by including the counterterms originating
from the renormalization of the gauge-boson fields (5.18) and of their masses (5.19). The
unphysical would-be Goldstone fields are kept unrenormalized and the renormalization
of the gauge parameters does not contribute since (5.65) and (5.71) are explicitly ξa–
independent. In one-loop approximation, we obtain
∑
V b
pµ〈V bµ(p)O〉
(
δV bV a −
1
2
δZV bV a
)
= i(1−QV a )(MV a + δMV a)AV
a
0 〈Φa(p2)O〉,
(5.72)
and since the only possible mixing terms between Z bosons and photons, induced by
δZAZ , cancel owing to the QED Ward identity p
µ〈Aµ(p)O〉, we arrive to the renormalized
relation
pµ〈V aµ(p)O〉 = i(1−QV a )MV a(1 + δAV
a
)〈Φa(p2)O〉,
(5.73)
with
δAV
a
= δAV
a
0 +
1
2
δM2V a
M2V a
+
1
2
δZV aV a
= −Σ
V aV¯ a
L,0 (p
2)
M2V a,0
+ i(1+QV a )
ΣV
aΦ+a
L,0 (p
2)
MV a,0
+
1
2
δM2V a
M2V a
+
1
2
δZV aV a . (5.74)
For the matrix element (5.57), the relation (5.73) yields
MV aL ϕi2 ...ϕin (p, p2 . . . , pn) = i(1−QV a)(1 + δAV a)MΦaϕi2 ...ϕin (p, p2 . . . , pn), (5.75)
up to terms suppressed by factors of order MV a/E.
5.2.2 Logarithmic corrections to longitudinal gauge bosons
In the following, we present our results for the corrections (5.74) in LA. We observe that
the tadpole diagrams give non-vanishing contributions to single terms of (5.74). However,
these contributions compensate each other in (5.74) and in the following they are omitted
everywhere. The diagrams (5.28) yield
ΣV
aV¯ a
L,0 (M
2
V a)
M2V a
LA
= − α
4π
{
[2CewV aV a − 4CewΦ ] log
µ2
M2W
+
N tC
2s2
W
m2t
M2W
log
µ2
m2t
+
3M2V a
4s2
W
M2W
log
M2H
M2W
}
, (5.76)
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for the longitudinal gauge-boson propagator, where CewV aV a and C
ew
Φ represent the elec-
troweak Casimir operator in the adjoint representation (B.29) and in the scalar represen-
tation (B.28), respectively. For the mass counterterms (5.24) we obtain
δM2V a
M2V a
LA
= − α
4π
{
[bewV aV a − 4CewΦ ] log
µ2
M2W
+
N tC
2s2
W
m2t
M2W
log
µ2
m2t
+
10M2V a
12s2
W
M2W
log
M2H
M2W
+
2N tC
3
TV aV b log
m2t
M2W
}
, (5.77)
where bewV aV a are the coefficients of the beta function defined in Appendix B.6, and the
matrix TV aV b is given in (5.36) and (5.37). The FRC’s δZV aV a are given in (5.29). The
mixing-energies are obtained from the diagrams
iΣV
aΦ+a
µ,0 (p) =
V aµ Φ+a
V c
V d
+
V aµ Φ+a
uc
u¯d
+
V aµ Φ+a
V c
Φk
+
V aµ Φ+a
Φk
Φj
+
V aµ Φ+a
fj,σ
f¯j′,σ′
, (5.78)
and in LA we obtain
ΣV
aΦ+a
L,0 (M
2
V a)
M2V a
LA
= i(1−QV a )
α
4π
{
[CewV aV a − 3CewΦ ] log
µ2
M2W
+
N tC
2s2
W
m2t
M2W
log
µ2
m2t
+
3M2V a
4s2
W
M2W
log
M2H
M2W
}
. (5.79)
The corrections (5.74) to the GBET are obtained by combining the above results and read
δAV
a
=
α
4π
{
CewΦ log
µ2
M2W
− N
t
C
4s2
W
m2t
M2W
log
µ2
m2t
+Q2V a log
M2W
λ2
+
3M2V a
8s2
W
M2W
log
M2H
M2W
}
, (5.80)
in LA. Note that the µ–dependent part is determined by the scalar eigenvalue CewΦ of the
electroweak Casimir operator and by large mt-dependent contributions originating from
the mass counterterms (5.77), which are proportional to the colour factor N tC = 3.
Finally, the complete SL mass-singular corrections associated to external longitudinal
gauge bosons are obtained by
δC
V a
′
L
V a
L
= δV a′V a
[
δAV
a
+ δcollΦaΦa
]
, (5.81)
i.e. by including, as indicated in (5.5), the collinear corrections (4.40) originating from loop-
diagrams with external would-be Goldstone bosons. The final result for this correction
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factor reads
δC
V a
′
L
V a
L
= δV a′V a
α
4π
{
2CewΦ log
s
M2W
− 3
4s2
W
m2t
M2W
log
s
m2t
+Q2V a log
M2W
λ2
+
M2V a
8s2
W
M2W
log
M2H
M2W
}
. (5.82)
5.2.3 Comparison between spontaneously broken and symmetric phase
We stress that the result (5.82), and in particular all mixing-energy diagrams (5.78),
receive contributions from the broken part of the electroweak Lagrangian. However, we
observe the following. If we restrict ourselves to the symmetric electroweak part of (5.82),
i.e. to the log(s) terms, and compare it with (5.17), we observe that Higgs bosons and
longitudinal gauge bosons receive the same collinear SL corrections. This suggests that, up
to electromagnetic terms and log (MH/MW) terms, the collinear corrections to longitudinal
gauge bosons can be expressed as collinear corrections (5.5) to on-shell renormalized would-
be Goldstone bosons with6
R˜e
∂ΓΦaΦ
+
a (p2)
∂p2
∣∣∣∣∣
p2=M2
V a
= 1, (5.83)
i.e. with FRC’s
δZΦaΦa = −
∂
∂p2
R˜eΣΦaΦ
+
a
0 (p
2)
∣∣∣∣
p2=M2
V a
. (5.84)
In fact, evaluating the diagrams
iΣΦaΦ
+
a
0 =
Φa Φ
+
a
Φk
V b
+
Φa Φ
+
a
fj,σ
f¯j′,σ′
+
Φa Φ
+
a
V c
V b
+
Φa Φ
+
a
Φk
Φl
+
Φa Φ
+
a
uc
u¯b
+
Φa Φ
+
a
V c
+
Φa Φ
+
a
Φk
, (5.85)
in LA, we obtain
1
2
δZΦaΦa
LA
=
α
4π
{
CewΦ log
µ2
M2W
− N
t
C
4s2
W
m2t
M2W
log
µ2
m2t
+
M2V a
4s2
W
M2W
log
M2H
M2W
}
. (5.86)
The symmetric electroweak part δZew of (5.86) corresponds to the corrections to the
GBET (5.80), so that
δC,ew
V a
′
L
V a
L
LA
=
(
1
2
δZew
Φa′Φ
+
a
+ δcoll,ewΦa′Φa
)∣∣∣∣
µ2=s
. (5.87)
6Recall that the would-be Goldstone bosons have been kept unrenormalized in the above derivation.
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Furthermore, also the electromagnetic log (M2W/λ
2) term can be correctly reproduced if
one neglects the last diagram in the first line of (5.85), which originates from spontaneous
symmetry breaking. The remaining diagrams that originate from spontaneous symmetry
breaking do not affect (5.86), as we already observed in the case of the Higgs FRC.
Therefore, up to the log (MH/MW) terms, the collinear corections (5.82) associated with
longitudinal gauge bosons correspond to the collinear corrections (5.87) associated with
physical scalar bosons belonging to a Higgs doublet with vanishing vev. This justifies,
at the one-loop level, the symmetric approach adopted in Ref. [29], where high-energy
longitudinal gauge bosons are described by would-be Goldstone bosons as physical scalar
bosons.
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Chapter 6
Collinear Ward identitites
In this chapter we discuss and derive the collinear Ward identities used in Ch. 4 to prove
the factorization of collinear mass singularities. In Sect. 6.1 we present these identities in
generic form and make some important remarks concerning their applicability and their
derivation. In particular we stress that the mechanism of spontaneous symmetry breaking
plays a non-trivial role in ensuring their validity. The detailed derivations are performed
in Sects. 6.2 and 6.3 using the BRS invariance of the spontaneously broken electroweak
theory.
6.1 Ward identities for generic fields
Recall that we are interested in the mass-singular corrections to generic processes (2.1).
As discussed in Ch. 4, these mass singularities originate from loop diagrams where one of
the external particles splits into two collinear virtual particles, ϕik(pk)→ V aµ (q)ϕi′k(pk−q),
one of these being a gauge boson. Here we treat the subprocesses that result from these
splittings, i.e. processes of the type
ϕi1(p1) · · · ϕik−1(pk−1)V aµ (q)ϕi′k (pk − q)ϕik+1(pk+1) · · · ϕin(pn)→ 0, (6.1)
where the momenta pk, with k = 1, . . . , n, are relativistic and on-shell, whereas the mo-
menta q and pk − q of the collinear particles are quasi on-shell. For the subprocess (6.1)
we consider the following lowest-order matrix element1
ϕi′
k
(pk − q)
V aµ (q)
= G
ϕ
i1
... ϕ
ik−1
V aϕ
i′
k
ϕ
ik+1
... ϕ
in
µ,0 (p1, . . . , pk−1, q, pk − q, pk+1, . . . , pn)
×
n∏
j=1
vϕij (pj), (6.2)
1The diagrammatic notation used in this chapter as well as the shorthands for Green functions and
matrix elements are defined in Ch. 4.
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where all external lines, except for the gauge boson, are contracted with their wave func-
tions. The collinear Ward identities we want to prove read
lim
qµ→xpµ
k
qµ

ϕi(p− q)
V aµ (q)
−
∑
ϕj
ϕi(p − q) ϕj(p)
V aµ (q)

=
∑
ϕi′
ϕi′(p)
eIV
a
ϕi′ϕi
,
(6.3)
in diagrammatic notation. Equivalently we can write them as
lim
qµ→xpµ q
µvϕi(p)G
[V aϕ
i
]O
µ,0 (q, p− q, r) = e
∑
ϕi′
Mϕi′O0 (p, r)IV
a
ϕi′ϕi
, (6.4)
using the shorthand notations introduced in (4.20), (4.21), and (4.26).
A detailed derivation of (6.4) is presented in Sect. 6.2 for external scalar fields (ϕi = Φi)
and gauge bosons (ϕi = V
a) and in Sect. 6.3 for fermions (ϕi = Ψ
κ
j,σ). Here we anticipate
the most important features and restrictions concerning these collinear Ward identities:
• They are restricted to lowest-order (LO) matrix elements. The subscript 0 indicating
LO quantities in often omitted in the following. However, we stress that all equations
used in this chapter are only valid in LO.
• They are realized in the high-energy limit (2.7), for (quasi) on-shell external momenta
p, and in the limit of collinear gauge boson momenta q, i.e. in the limit where
0 < p2, (p − q)2 ≪ s. All these limits have to be taken simultaneously. The wave
function vϕi(p) corresponds to a particle with mass
√
p2.
• They are valid only up to mass-suppressed terms, to be precise terms of the order
M/
√
s (for fermions) or M2/s (for bosons) with respect to the leading terms ap-
pearing in (6.4), where M2 ∼ max(p2,M2ϕi ,M2V a). Furthermore, they apply only to
matrix elements that are not mass-suppressed. In other words, they apply to those
matrix elements that arise from Lsymm in LO.
• Their derivation is based on the BRS invariance of a spontaneously broken gauge the-
ory (see Appendix D). In particular, we used only the generic form of the BRS trans-
formations of the fields, the form of the gauge-fixing term in an arbitrary ‘t Hooft
gauge, (C.28), and the corresponding form of the tree-level propagators. Therefore,
the result is valid for a general spontaneously broken gauge theory, in an arbitrary
‘t Hooft gauge.
It is important to observe that the identities (6.4) do not reflect the presence of the non-
vanishing vev of the Higgs doublet. In fact, they are identical to the identities obtained
within a symmetric gauge theory with massless gauge bosons. However, spontaneous
symmetry breaking plays a non-trivial role in ensuring the validity of (6.4). It guarantees
the cancellation of mixing terms between gauge bosons and would-be Goldstone bosons.
In particular, we stress the following: extra contributions originating from Lv cannot be
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excluded a priori in (6.4). In fact, the corresponding mass-suppressed couplings can in
principle give extra leading contributions if they are enhanced by propagators with small
invariants. We show that no such extra terms are left in the final result. Such terms appear,
however, in the derivation of the Ward identity for external would-be Goldstone bosons
(ϕi = Φi) as “extra contributions” involving gauge bosons (ϕj = V
a), and in the derivation
of theWard identity for external gauge bosons (ϕi = V
a) as “extra contributions” involving
would-be Goldstone bosons (ϕj = Φi) [see (6.16)]. Their cancellation is guaranteed by
Ward identities (6.21) relating the electroweak vertex functions that involve explicit factors
with mass dimension. In other words, the validity of (6.4) within a spontaneously broken
gauge theory is a non-trivial consequence of the symmetry of the full theory.
6.2 Transverse gauge bosons, would-be Goldstone bosons
and Higgs bosons
The Ward identities for external scalar bosons ϕi = Φi = H,χ, φ
± and transverse gauge
bosons ϕi = V
b = A,Z,W± are of the same form. Here we derive a generic Ward
identity for external bosonic fields ϕi valid for ϕi = Φi as well as ϕi = V
b. In both
cases mixing between would-be Goldstone bosons and gauge bosons has to be taken into
account2. Therefore, we use the symbol ϕ˜ to denote the mixing partner of ϕ, i.e. we have
(ϕ, ϕ˜) = (Φ, V ) or (ϕ, ϕ˜) = (V,Φ). The resulting Ward identities read
lim
qµ→xpµ q
µ ×

ϕi(p − q)
V aµ (q)
−
∑
ϕi′
ϕi(p − q) ϕi′ (p)
V aµ (q)
−
∑
ϕ˜j
ϕi(p− q) ϕ˜j(p)
V aµ (q)

=
=
∑
ϕi′
ϕi′ (p)
eIV
a
ϕi′ϕi
+O
(
M2Ed−2
)
, (6.5)
where the diagrammatic representation corresponds to external scalars (ϕ = Φ), d is the
mass dimension of the matrix element and M2 ∼ max(p2,M2ϕi ,M2V a). The proof of (6.5)
is organized in six steps:
1. Ward identity for connected Green functions
We start using the BRS invariance (cf. Appendix D) of the electroweak Lagrangian. This
implies the invariance of connected Green functions with respect to BRS transformations
of their field arguments. For the Green function 〈u¯a(x)ϕ+i (y)O(z)〉3 we have the relation
〈[su¯a (x )]ϕ+i (y)O(z )〉 − 〈u¯a(x )[sϕ+i (y)]O(z )〉 = 〈u¯a(x )ϕ+i (y)[sO(z )]〉. (6.6)
2For external Higgs bosons or photons all mixing terms vanish.
3Analogously to (4.21), O(z) =
∏
l 6=k
ϕil(zl) represents a combination of arbitrary physical fields.
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Since the BRS variation of the antighost field (D.11) corresponds to the gauge-fixing term
(C.28) and using the BRS variation of the physical fields (D.9) we obtain the Ward identity
1
ξa
∂µx 〈V¯ aµ (x)ϕ+i (y)O(z)〉 − iev
∑
Φj=H,χ,φ±
IV
a
HΦj〈Φj(x)ϕ+i (y)O(z)〉
+
∑
V b=A,Z,W±
[
XV
b
ϕ+
i
〈u¯a(x)ub(y)O(z)〉 − ie
∑
ϕi′
〈u¯a(x)ub(y)ϕ+i′ (y)O(z)〉IV
b
ϕi′ϕi
]
= −〈u¯a(x)ϕ+i (y)[sO(z )]〉. (6.7)
Fourier transformation of the variables (x, y, z) to the incoming momenta (q, p − q, r)
(∂µx → iqµ) gives
i
ξa
qµ〈V¯ aµ (q)ϕ+i (p − q)O(r)〉 − iev
∑
Φj
IV
a
HΦj 〈Φj(q)ϕ+i (p− q)O(r)〉
+
∑
V b
XV
b
ϕ+
i
〈u¯a(q)ub(p− q)O(r)〉
− ie
∑
V b,ϕi′
∫
dDl
(2π)D
〈u¯a(q)ub(l)ϕ+i′ (p − q − l)O(r)〉IV
b
ϕi′ϕi
= −〈u¯a(q)ϕ+i (p− q)[sO(r)]〉. (6.8)
From now on, the rhs is omitted, since the BRS variation of on-shell physical fields does
not contribute to physical matrix elements. This can be verified by truncation of the
physical external legs O(r) and contraction with the corresponding wave functions.
2. Restriction to lowest order
A further simplification concerns the last term on the lhs of (6.8). This originates from
the BRS variation sϕ+i (y) of the external scalar or vector field and contains an external
“BRS vertex” connecting the fields ub(y)ϕ+i′ (y), which we represent by a small box in (6.9).
When we restrict the relation (6.8) to LO connected Green functions, this term simplifies
into those tree diagrams where the external ghost line is not connected to the scalar leg
of the BRS vertex by internal vertices,
sϕ+
i
(p − q)
u¯a(q)
=
ϕ+
i′
(p)
u¯a(q)
O +
∑
O1 6=O
ϕ+
i′
(p+ r2)
u¯a(q)
O1
O2
. (6.9)
We will see in the following that the relevant contributions result only from the first
diagram on the rhs of (6.9), where the ghosts are joined by a propagator and all on-shell
legs O(r) are connected to the leg ϕ+i′ , which receives momentum p = −r. In the remaining
diagrams, the on-shell legs are distributed into two subsets O(r) = O1(r1)O2(r2) with
momenta r1+ r2 = r. One subset O1 interacts with the leg ϕ
+
i′ , which receives momentum
p + r2 = −r1. The other subset O2 interacts with the ghost line. Therefore, in LO the
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last term on the lhs of (6.8) yields
−ie
∑
V b,ϕi′
∫
dDl
(2π)D
〈u¯a(q)ub(l)ϕ+i′ (p − q − l)O(r)〉IV
b
ϕi′ϕi
= −ie
∑
ϕi′
〈u¯a(q)ua(−q)〉〈ϕ+i′ (p)O(r)〉IV
a
ϕi′ϕi
− ie
∑
V b,ϕi′
∑
O1 6=O
〈u¯a(q)ub(−q − r2)O2(r2)〉〈ϕ+i′ (p+ r2)O1(r1)〉IV
b
ϕi′ϕi
, (6.10)
and if we split off the momentum-conservation δ-functions, (6.8) becomes
i
ξa
qµG
V¯ aϕ+
i
O
µ (q, p − q, r)− iev
∑
Φj
IV
a
HΦjG
Φjϕ
+
i
O(q, p− q, r)
+
∑
V b
XV
b
ϕ+
i
Gu¯
aubO(q, p − q, r)− ie
∑
ϕi′
Gu¯
aua(q)Gϕ
+
i′
O(p, r)IV
a
ϕi′ϕi
= ie
∑
V b,ϕi′
∑
O1 6=O
Gϕ
+
i′
O1(p + r2, r1)I
V b
ϕi′ϕi
Gu¯
aubO2(q,−q − r2, r2). (6.11)
3. Enhanced internal propagators
Recall that we are interested in the on-shell and “massless” limit p2 ≪ s of the above
equation. Therefore, we have to take special care of all terms that are enhanced in this
limit, like internal propagators carrying momentum p. Since internal lines with small
invariants do not occur on the rhs of (6.11), we now concentrate on the lhs. Using (4.26),
the first term can be written as
G
V¯ aϕ+
i
O
µ (q, p − q, r) = G[V¯
aϕ+
i
]O
µ (q, p− q, r)
+
∑
ϕi′
G
V¯ aϕ+
i
ϕi′
µ (q, p− q,−p)Gϕi′O(p, r)
+
∑
ϕ˜j
G
V¯ aϕ+
i
ϕ˜j
µ (q, p− q,−p)Gϕ˜jO(p, r), (6.12)
where for scalar ϕ+i the sums run over scalar ϕi′ and vector ϕ˜j and vice versa if ϕ
+
i is a
vector. In this way the enhanced internal propagators with momentum p are isolated in
the terms G
V¯ aϕ+
i
ϕi′
µ (q, p− q,−p) and GV¯
aϕ+
i
ϕ˜j
µ (q, p− q,−p), whereas the subtracted Green
functions G
[V¯ aϕ+
i
]O
µ contain no enhancement by definition. A similar decomposition is
used for the second and third term on the lhs of (6.11), whereas the enhanced propagator
contained in the last term is isolated by writing
Gϕ
+
i′
O(p, r) = Gϕ
+
i′
ϕi′ (p)Gϕi′O(p, r). (6.13)
In this way, the lhs of (6.11) can be written as
i
ξa
qµG
[V¯ aϕ+
i
]O
µ (q, p− q, r)− iev
∑
Φj
IV
a
HΦjG
[Φjϕ
+
i
]O(q, p − q, r) +
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+
∑
V b
XV
b
ϕ+
i
G[u¯
aub]O(q, p − q, r) +
∑
ϕi′
SV¯
a
ϕ+
i
ϕi′
Gϕi′O(p, r) +
∑
ϕ˜j
M V¯
a
ϕ+
i
ϕ˜j
G
ϕ˜
j
O
(p, r),
(6.14)
where all enhanced terms are in the self-energy-like (ϕϕ) contributions
SV¯
a
ϕ+
i
ϕi′
=
i
ξa
qµG
V¯ aϕ+
i
ϕi′
µ (q, p− q,−p)− iev
∑
Φk
IV
a
HΦk
GΦkϕ
+
i
ϕi′ (q, p − q,−p)
+
∑
V b
XV
b
ϕ+
i
Gu¯
aubϕi′ (q, p − q,−p)− ieGu¯aua(q)Gϕ+i′ϕi′ (p)IV aϕi′ϕi (6.15)
and in the mixing-energy-like (ϕϕ˜) contributions
M V¯
a
ϕ+
i
ϕ˜j
=
i
ξa
qµG
V¯ aϕ+
i
ϕ˜j
µ (q, p − q,−p)− iev
∑
Φk
IV
a
HΦk
GΦkϕ
+
i
ϕ˜j (q, p− q,−p)
+
∑
V b
XV
b
ϕ+
i
Gu¯
aubϕ˜j(q, p − q,−p). (6.16)
Note that here the terms originating from Lv, i.e. terms proportional to the vev, are
enhanced by the internal ϕ˜j propagators and represent leading contributions to (6.14).
4. Two further Ward identities
In order to simplify (6.15) and (6.16), and to check whether contributions proportional to
the vev survive, we have to derive two further Ward identities.
– For the self-energy-like contributions (6.15) we exploit the BRS invariance of the
Green function 〈u¯a(x)ϕ+i (y)ϕi′(z)〉:
〈[su¯a (x )]ϕ+i (y)ϕi ′(z )〉 − 〈u¯a(x )[sϕ+i (y)]ϕi ′ (z )〉 = 〈u¯a(x )ϕ+i (y)[sϕi ′ (z )]〉. (6.17)
Using the BRS variations (D.11), (D.9), and (D.8), we have
1
ξa
∂µx 〈V¯ aµ (x)ϕ+i (y)ϕi′(z)〉 − iev
∑
Φj
IV
a
HΦj 〈Φj(x)ϕ+i (y)ϕi′(z)〉
+
∑
V b
XV
b
ϕ+
i
〈u¯a(x)ub(y)ϕi′(z)〉 − ie
∑
V b,ϕk
〈u¯a(x)ub(y)ϕ+k (y)ϕi′(z)〉IV
b
ϕkϕi
= −
∑
V b
XV
b
ϕi′
〈u¯a(x)ϕ+i (y)ub(z)〉 − ie
∑
V b,ϕk
IV
b
ϕi′ϕk
〈u¯a(x)ϕ+i (y)ub(z)ϕk(z)〉.
(6.18)
In LO, the terms involving four fields reduce to products of pairs of propagators.
After Fourier transformation we obtain
i
ξa
qµ〈V¯ aµ (q)ϕ+i (p − q)ϕi′(−p)〉 − iev
∑
Φj
IV
a
HΦj〈Φj(q)ϕ+i (p− q)ϕi′(−p)〉
+
∑
V b
XV
b
ϕ+
i
〈u¯a(q)ub(p− q)ϕi′(−p)〉 − ie〈u¯a(q)ua(−q)〉〈ϕ+i′ (p)ϕi′(−p)〉IV
a
ϕi′ϕi
= −
∑
V b
XV
b
ϕi′
〈u¯a(q)ϕ+i (p − q)ub(−p)〉
− ie〈u¯a(q)ua(−q)〉〈ϕ+i (p− q)ϕi(−p+ q)〉IV
a
ϕi′ϕi
, (6.19)
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and we easily see that
SV¯
a
ϕ+
i
ϕi′
= −
∑
V b
XV
b
ϕi′
Gu¯
aϕ+
i
ub(q, p− q,−p)− ieGu¯aua(q)Gϕ+i ϕi(p− q)IV aϕi′ϕi . (6.20)
– For the mixing-energy-like contributions (6.16) we use the BRS invariance of the
Green function 〈u¯a(x)ϕ+i (y)ϕ˜j(z)〉. The resulting WI is obtained from (6.19) by
substituting ϕi′ → ϕ˜j and by neglecting the mixing propagators 〈ϕ+i (p)ϕ˜j(−p)〉 which
vanish in LO and reads
i
ξa
qµ〈V¯ aµ (q)ϕ+i (p− q)ϕ˜j(−p)〉 − iev
∑
Φk
IV
a
HΦk
〈Φk(q)ϕ+i (p− q)ϕ˜j(−p)〉 (6.21)
+
∑
V b
XV
b
ϕ+
i
〈u¯a(q)ub(p − q)ϕ˜j(−p)〉 = −
∑
V b
XV
b
ϕ˜j
〈u¯a(q)ϕ+i (p − q)ub(−p)〉.
This relation involves the V V Φ couplings as well as other terms originating from Lv,
and leads to
M V¯
a
ϕ+
i
ϕ˜j
= −
∑
V b
XV
b
ϕ˜j
Gu¯
aϕ+
i
ub(q, p− q,−p). (6.22)
Both (6.20) and (6.22) contain the ghost vertex function Gu¯
aϕ+
i
ub , but when we combine
them in (6.14) these ghost contributions cancel owing to the LO identity that relates
external would-be Goldstone bosons and gauge bosons,∑
V d
GV
dO
µ (p, r)X
V b
V dµ
+
∑
Φj
GΦjO(p, r)XV
b
Φj
Gu¯aϕ+i ub(q, p − q,−p)
=
−ipµGV bOµ (p, r) + iev∑
Φj
IV
b
ΦjHG
ΦjO(p, r)
Gu¯aϕ+i ub(q, p − q,−p)
= 0. (6.23)
Thus, all terms originating from internal propagators with momentum p cancel and the
complete identity (6.11) becomes
i
ξa
qµG
[V¯ aϕ+
i
]O
µ (q, p− q, r)− iev
∑
Φj
IV
a
HΦjG
[Φjϕ
+
i
]O(q, p− q, r)
+
∑
V b
XV
b
ϕ+
i
G[u¯
aub]O(q, p− q, r)− ieGu¯aua(q)Gϕ+i ϕi(p − q)
∑
ϕi′
Gϕi′O(p, r)IV
a
ϕi′ϕi
= ie
∑
V b,ϕi′
∑
O1 6=O
Gϕ
+
i′
O1(p+ r2, r1)I
V b
ϕi′ϕi
Gu¯
aubO2(q,−q − r2, r2). (6.24)
5. External-leg truncation
Now we can truncate the two remaining external legs. To this end we observe that [see
(C.35), (C.36)] the longitudinal part of the LO gauge-boson propagator GV
aV¯ a
L (q), the LO
ghost propagator, and the LO propagator of the associated would-be Goldstone boson Φj
are related by
1
ξa
GV
aV¯ a
L (q) = G
u¯aua(q) = −GΦ+j Φj (q). (6.25)
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Using this relation, the leg with momentum q is easily truncated by multiplying the above
identity with the longitudinal part of the inverse gauge-boson propagator −iξaΓV aV¯ aL (q).
The leg with momentum p − q is truncated by multiplying (6.24) by the inverse (scalar-
boson or gauge-boson) propagator −iΓϕiϕ+i (p− q), and by using
XV
b
ϕ+
i
Gu
bu¯b(p− q) = cϕiGϕ
+
i
ϕi(p− q)XV b
ϕ+
i
. (6.26)
with cΦi = 1 and cV b = −1/ξb. The truncated identity reads
iqµG
[V aϕ
i
]O
µ (q, p − q, r) + iev
∑
Φj
IV
a
HΦjG
[Φ+
j
ϕ
i
]O(q, p − q, r)
+
∑
V b
cϕiX
V b
ϕ+
i
G[u
au¯b]O(q, p− q, r)− ie
∑
ϕi′
Gϕi′O(p, r)IV
a
ϕi′ϕi
= ie
∑
V b,ϕi′
∑
O1 6=O
[
−iΓϕiϕ+i (p − q)Gϕ+i′O1(−r1, r1)
]
IV
b
ϕi′ϕi
Gu
aubO2(q,−q − r2, r2).
(6.27)
6. Collinear limit
Finally, we take the collinear limit qµ → xpµ and assume
M2 ∼ max(p2,M2ϕi ,M2V a)≪ s. (6.28)
Furthermore, we contract (6.27) with the wave function vϕi(p) of an on-shell external state
with mass
√
p2. For scalar bosons the wave function is trivial (vΦ(p) = 1), whereas for
external gauge bosons we consider transverse polarizations vVν (p) = ε
ν
T(p). Then various
terms in (6.27) are mass-suppressed. The rhs is mass-suppressed owing to
lim
qµ→xpµ vϕi(p)Γ
ϕiϕ
+
i (p − q)Gϕ+i′ϕi′ (−r1) ∼ lim
qµ→xpµ
(p− q)2 −M2ϕi
r21
= O
(
M2
s
)
, (6.29)
since (p− q)2−M2ϕi ∼M2 in the collinear limit, whereas r1 is a non-trivial combination of
the external momenta, and like for all invariants (2.7) we assume that r21 ∼ s. The second
term on the the lhs of (6.27) is proportional to the vev and therefore mass-suppressed,
and for the third term we have
lim
qµ→xpµ vϕi(p)X
V b
ϕ+
i
= O(M). (6.30)
For gauge bosons this is due to the transversality of the polarization vector
lim
qµ→xpµ (p− q)νε
ν
T(p) = 0, (6.31)
whereas for scalar bosons XV
b
Φ+
i
is explicitly proportional to the vev. The remaining leading
terms give the result
lim
qµ→xpµ q
µvϕi(p)G
[V aϕ
i
]O
µ (q, p − q, r)
= e
∑
ϕi′
vϕi(p)G
ϕ
i′
O(p, r)IV
a
ϕi′ϕi
+O
(
M2
s
MϕiO
)
,
= e
∑
ϕi′
Mϕi′O(p, r)IV aϕi′ϕi +O
(
M2
s
MϕiO
)
, (6.32)
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which is the identity represented in (6.5) in diagrammatic form. Recall that, as noted in
(3.14), the wave function for transverse gauge bosons is independent of their mass, i.e.
vϕi(p) = vϕi′ (p).
6.3 Chiral fermions and antifermions
The collinear Ward identities for chiral fermions ϕi = Ψ
κ
j,σ and antifermions ϕi = Ψ¯
κ
j,σ are
derived in the same way as the identities (6.5) for gauge bosons and scalar bosons. Actually
the derivation is much simpler since no mixing contributions have to be considered. Here
we restrict ourselves to the case of antifermions, and we prove the identity
lim
qµ→xpµ q
µ ×

Ψ¯κ
j,σ
(p − q)
V aµ (q)
−
Ψ¯κ
j,σ
(p − q)
V aµ (q)

=
=
∑
j′,σ′
Ψ¯κ
j′,σ′
(p)
eIV
a
f¯κ
j′,σ′
f¯κ
j,σ
+O
(
MEd−1
)
, (6.33)
where d is the mass dimension of the matrix element andM2 ∼ max(p2,m2fj,σ ,M2V a). The
generalized gauge couplings to fermions are defined in (C.25) and they include the quark
mixing matrix. Owing to (B.4), for antifermions we have
IV
a
f¯κ
j′,σ′
f¯κ
j,σ
= −IV afκ
j,σ
fκ
j′,σ′
= −IV afκσ fκσ′U
fκ,V a
jj′ . (6.34)
In the following we will often omit the chirality κ and use the shorthand
IV
a
σσ′U
V a
jj′ = I
V a
fκ
j,σ
fκ
j′,σ′
. (6.35)
For the proof of (6.33) we follow the same steps as in Sect. 6.2.
1. Ward identity for connected Green functions
We start from the BRS invariance of the connected GF 〈u¯a(x)Ψκj,σ(y)O(z)〉4
〈[su¯a (x )]Ψκj ,σ(y)O(z )〉 − 〈u¯a (x )[sΨκj ,σ(y)]O(z )〉 = −〈u¯a(x )Ψκj ,σ(y)[sO(z )]〉, (6.36)
and with the BRS variations (D.11) and (D.8) we have the Ward identity
1
ξa
∂µx 〈V¯ aµ (x)Ψκj,σ(y)O(z)〉 − iev
∑
Φi=H,χ,φ±
IV
a
HΦi〈Φi(x)Ψκj,σ(y)O(z)〉
+ ie
∑
V b=A,Z,W±
∑
j′,σ′
IV
b
fκ
j,σ
fκ
j′,σ′
〈u¯a(x)ub(y)Ψκj′,σ′(y)O(z)〉 = 〈u¯a(x)Ψκj,σ(y)[sO(z )]〉.
(6.37)
4Note that connected Green functions involving the fermionic fields Ψ are associated to incoming an-
tifermions.
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Fourier transformation of the variables (x, y, z) to the incoming momenta (q, p − q, r)
(∂µx → iqµ) gives
i
ξa
qµ〈V¯ aµ (q)Ψκj,σ(p− q)O(r)〉 − iev
∑
Φi
IV
a
HΦi〈Φi(q)Ψκj,σ(p− q)O(r)〉
+ ie
∑
V b,j′,σ′
IV
b
σσ′U
V b
jj′
∫
dDl
(2π)D
〈u¯a(q)ub(l)Ψκj′,σ′(p− q − l)O(r)〉
= 〈u¯a(q)Ψκj,σ(p− q)[sO(r)]〉. (6.38)
Again we assume that all physical external legs denoted by O have been amputated and
contracted with their wave functions, so that the rhs of (6.38), which involves BRS varia-
tions of these on-shell physical fields, vanishes.
2. Restriction to lowest order
When we restrict the relation (6.38) to lowest-order, the last term on the lhs simplifies as
in (6.9) into
sΨκ
j ,σ
(p − q)
u¯a(q)
=
Ψκ
j′,σ′
(p)
u¯a(q)
O +
∑
O1 6=O
Ψκ
j′,σ′
(p+ r2)
u¯a(q)
O1
O2
, (6.39)
i.e.
ie
∑
V b,j′,σ′
IV
b
σσ′U
V b
jj′
∫
dDl
(2π)D
〈u¯a(q)ub(l)Ψκj′,σ′(p− q − l)O(r)〉 =
= ie
∑
j′,σ′
IV
a
σσ′U
V a
jj′ 〈u¯a(q)ua(−q)〉〈Ψκj′,σ′(p)O(r)〉
+ ie
∑
V b,j′,σ′
IV
b
σσ′U
V b
jj′
∑
O1 6=O
〈u¯a(q)ub(−q − r2)O2(r2)〉〈Ψκj′,σ′(p+ r2)O1(r1)〉,
(6.40)
where the operators O(r), O1(r1) and O2(r2) are defined as in (6.10). Splitting off the
momentum-conservation δ-functions, (6.38) becomes
i
ξa
qµG
V¯ aΨκ
j,σ
O
µ (q, p− q, r)− iev
∑
Φi
IV
a
HΦiG
ΦiΨκj,σO(q, p − q, r)
+ ie
∑
j′,σ′
IV
a
σσ′U
V a
jj′ G
u¯aua(q)G
Ψκ
j′,σ′
O
(p, r)
= −ie
∑
V b,j′,σ′
IV
b
σσ′U
V b
jj′
∑
O1 6=O
G
Ψκ
j′,σ′
O1(p+ r2, r1)G
u¯aubO2(q,−q − r2, r2). (6.41)
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3. Enhanced internal propagators
In order to identify all terms containing enhanced internal propagators with momentum
p, we rewrite the first term on the lhs of (6.41) using (4.26) as
G
V¯ aΨκ
j,σ
O
µ (q, p − q, r) =
= G
[V¯ aΨκj,σ ]O
µ (q, p − q, r) +
∑
j′,σ′
G
V¯ aΨκ
j,σ
Ψ¯κ
j′,σ′
µ (q, p− q,−p)GΨ¯
κ
j′,σ′O(p, r), (6.42)
and the second term in the same form. For the third term we have
G
Ψκ
j′,σ′
O
(p, r) = G
Ψκ
j′,σ′
Ψ¯κ
j′,σ′ (p)GΨ¯
κ
j′,σ′O(p, r). (6.43)
In this way, the lhs of (6.41) can be written as
i
ξa
qµG
[V¯ aΨκ
j,σ
]O
µ (q, p− q, r)− iev
∑
Φi
IV
a
HΦiG
[ΦiΨκj,σ]O(q, p − q, r)
+
∑
j′,σ′
SV¯
a
Ψκ
j,σ
Ψ¯κ
j′,σ′
GΨ¯
κ
j′,σ′O(p, r), (6.44)
where all enhanced propagators are isolated in
SV¯
a
Ψκ
j,σ
Ψ¯κ
j′,σ′
=
i
ξa
qµG
V¯ aΨκ
j,σ
Ψ¯κ
j′,σ′
µ (q, p − q,−p)− iev
∑
Φi
IV
a
HΦiG
ΦiΨ
κ
j,σ
Ψ¯κ
j′,σ′
µ (q, p− q,−p)
+ ieIV
a
σσ′U
V a
jj′ G
u¯aua(q)G
Ψκ
j′,σ′
Ψ¯κ
j′,σ′ (p). (6.45)
4. A further Ward identity
In order to simplify (6.45) we derive a Ward identity for the V aΨ¯Ψ vertex. This is obtained
from the BRS invariance of the Green function 〈u¯a(x)Ψκj,σ(y)Ψ¯κj′,σ′(z)〉,
〈[su¯a (x )]Ψκj ,σ(y)Ψ¯κj ′,σ′(z )〉 − 〈u¯a(x )[sΨκj ,σ(y)]Ψ¯κj ′,σ′(z )〉 = −〈u¯a(x )Ψκj ,σ(y)[sΨ¯κj ′,σ′(z )]〉.
(6.46)
With the BRS variations (D.11), (D.8), and (D.9), we have
1
ξa
∂µx 〈V¯ aµ (x)Ψκj,σ(y)Ψ¯κj′,σ′(z)〉 − iev
∑
Φi
IV
a
HΦi〈Φi(x)Ψκj,σ(y)Ψ¯κj′,σ′(z)〉
+ ie
∑
V b,k,ρ
IV
b
σρ U
V b
jk 〈u¯a(x)ub(y)Ψκk,ρ(y)Ψ¯κj′,σ′(z)〉
= −ie
∑
V b,k,ρ
〈u¯a(x)Ψκj,σ(y)ub(z)Ψ¯κk,ρ(z)〉IV
b
ρσ′U
V b
kj′ , (6.47)
and in LO the terms involving four fields reduce to products of pairs of propagators. After
Fourier transformation
i
ξa
qµ〈V¯ aµ (q)Ψκj,σ(p− q)Ψ¯κj′,σ′(k)〉 − iev
∑
Φi
IV
a
HΦi〈Φi(q)Ψκj,σ(p− q)Ψ¯κj′,σ′(k)〉
+ ieIV
a
σσ′U
V a
jj′ 〈u¯a(q)ua(−q)〉〈Ψκj′,σ′(p)Ψ¯κj′,σ′(k)〉
= +ieIV
a
σσ′U
V a
jj′ 〈u¯a(q)ua(−q)〉〈Ψκj,σ(p− q)Ψ¯κj,σ(k + q)〉, (6.48)
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where the sign on the rhs has changed owing to exchange of the anti-commuting ghost
and fermionic fields. We see that
SV¯
a
Ψκ
j,σ
Ψ¯κ
j′,σ′
= ieIV
a
σσ′U
V a
jj′ G
u¯aua(q)GΨ
κ
j,σ
Ψ¯κ
j,σ(p− q), (6.49)
and the complete identity (6.41) becomes
i
ξa
qµG
[V¯ aΨκ
j,σ
]O
µ (q, p− q, r)− iev
∑
Φi
IV
a
HΦiG
[ΦiΨ
κ
j,σ ]O(q, p − q, r)
+ ie
∑
j′,σ′
IV
a
σσ′U
V a
jj′ G
u¯aua(q)GΨ
κ
j,σ
Ψ¯κ
j,σ(p− q)GΨ¯κj′,σ′O(p, r)
= −ie
∑
V b,j′,σ′
IV
b
σσ′U
V b
jj′
∑
O1 6=O
G
Ψκ
j′,σ′
O1(p+ r2, r1)G
u¯aubO2(q,−q − r2, r2). (6.50)
5. External-leg truncation
The two remaining external legs are truncated by multiplying (6.50) with the longitudinal
part of the inverse gauge-boson propagator −iξaΓV aV¯ aL (q), using (6.25), and with the
inverse fermionic propagator iΓΨ¯j,σΨj,σ(p− q). The resulting truncated identity reads
iqµG
[V aΨ¯
κ
j,σ]O
µ (q, p − q, r) + iev
∑
Φi
IV
a
HΦiG
[Φ+
i
Ψ¯
κ
j,σ]O(q, p − q, r)
+ ie
∑
j′,σ′
IV
a
σσ′U
V a
jj′ G
Ψ¯
κ
j′,σ′O(p, r)
= e
∑
V b,j′,σ′
IV
b
σσ′U
V b
jj′
∑
O1 6=O
ΓΨ¯j,σΨj,σ(p − q)GΨκj′ ,σ′O1(−r1, r1)GuaubO2(q,−q − r2, r2).
(6.51)
6. Collinear limit
Finally, we take the collinear limit qµ → xpµ, we assume
M2 ∼ max (p2,m2fj,σ ,M2V a)≪ s, (6.52)
and we contract (6.51) with the spinor v¯(p) of an on-shell antifermion with mass
√
p2.
Then the rhs of (6.51) is mass-suppressed owing to
lim
qµ→xpµ v¯(p)Γ
Ψ¯j,σΨj,σ(p − q)GΨj′,σ′Ψ¯j′,σ′ (−r1) ∝ Mv¯(p)r/1
r21
= O
(
M√
s
)
, (6.53)
since v¯(p)[p/−q/−mfj,σ ] ∼M in the collinear limit, whereas r1 is a non-trivial combination
of the external momenta, and like for all invariants (2.7) we assume that r21 ∼ s. Also
the second term on the the lhs is mass-suppressed since it is proportional to the vev. The
remaining leading terms give
lim
qµ→xpµ q
µv¯(p)G
[V aΨ¯
κ
j,σ]O
µ (q, p− q, r) =
= −e
∑
j′,σ′
IV
a
σσ′U
V a
jj′ v¯(p)G
Ψ¯
κ
j′,σ′O(p, r) +O
(
M√
s
Mf¯κj,σO
)
,
= −e
∑
j′,σ′
IV
a
fκσ f
κ
σ′
Uf
κ,V a
jj′ M
f¯κ
j′,σ′
O
(p, r) +O
(
M√
s
Mf¯κj,σO
)
, (6.54)
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which is the identity represented in (6.33) with the gauge couplings (6.34) for antifermions.
Note that Ψj,σ 6= Ψj′,σ′ for V a = W± and, as noted in (3.13) and (3.14), the mass of the
wave function v¯(p) need not be equal to the masses of the fields Ψj,σ or Ψj′,σ′ .
The analogous identity for fermions reads
lim
qµ→xpµ q
µG
[V aΨκj,σ ]O
µ (q, p − q, r)u(p) = e
∑
j′,σ′
Mfκj′,σ′O(p, r)IV afκ
σ′
fκσ
Uf
κ,V a
j′j +O
(
M√
s
Mfκj,σO
)
,
(6.55)
and can be derived exactly in the same way.
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Chapter 7
Leading logarithms from
parameter renormalization
In this chapter we present the one-loop logarithmic corrections that are related to the
renormalization of the parameters. As we will see, at high-energies and for matrix elements
that are not mass-suppressed, one can restrict oneself to the running of the dimensionless
coupling constants that appear in the symmetric phase of the electroweak theory. However,
in order to relate these parameters to physical quantities that are defined at the electroweak
scale or below, additional effects that are related to the renormalization of the vacuum
expectation value (tadpole contributions) have to be taken into account.
7.1 Logarithms connected to parameter renormalization
The running of the parameters from the renormalization scale µR to the energy scale
√
s
gives rise to one-loop logarithmic corrections of the type α log (s/µ2R). These logarithms
are related to ultraviolet divergences and to the scale µ of dimensional regularization. In
the corrections to S-matrix elements they always appear in the combination
log
s
µ2
+ log
µ2
µ2R
= log
s
µ2R
, (7.1)
with the contributions log (s/µ2) from loop diagrams, and the contributions log (µ2/µ2R)
from the counterterms. As a consequence of renormalizability, this combination is always
µ–independent. In our approach, all large logarithms of the type (7.1) that are related to
the running of the parameters are absorbed into the counterterms by setting µ2 = s. The
corresponding one-loop corrections to a given matrix element are obtained as
δPRMϕi1 ... ϕin =
∑
λi
∂Mϕi1 ... ϕin0
∂λi
δλi
∣∣∣∣∣∣
µ2=s
, (7.2)
where δλi are the counterterms that renormalize the bare parameters
λi,0 = λi + δλi. (7.3)
These counterterms depend on the specific choice of the renormalization conditions.
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In the high-energy limit, for processes that are not mass-suppressed, and provided that
matrix elements involving longitudinal gauge bosons are expressed using the GBET, the
running of the masses in the propagators or in couplings with mass dimension yields only
mass-suppressed corrections. Then, one can restrict oneself to the renormalization of the
dimensionless parameters
λi = g1, g2, λH, λt, (7.4)
i.e. the gauge couplings g1,g2, the Higgs self-coupling λH, and the top-quark Yukawa cou-
pling1 λt. These are the dimensionless coupling constants that appear in the symmetric
phase of the electroweak theory. They represent a convenient set of independent param-
eters in order to describe electroweak processes at high energies. However, they are not
directly related to observable physical quantities.
Since we want to express the S-matrix elements in terms of physical parameters (cou-
pling constants and masses) that are measured at the electroweak scale or below, we adopt
the following set of independent parameters
λi = e, cW, hH, ht, (7.5)
involving the electric charge e, the cosine of the weak mixing angle cW = cos θw defined as
c2
W
= 1− s2
W
=
M2W
M2Z
, (7.6)
and the mass ratios
hH =
M2H
M2W
, ht =
mt
MW
. (7.7)
For the renormalization of these parameters we adopt the on-shell scheme [46], where the
electric charge is defined in the Thomson limit of Compton scattering and the masses
MW,MZ,mt, and MH are defined as the poles of the propagators of the physical fields
W,Z, t, and H, respectively.
Once the parameters (7.5) and their counterterms have been determined in the on-shell
scheme they can be translated into the parameters (7.4) and the corresponding countert-
erms. The parameters (7.4) are obtained by the following simple relations:
g1 =
e
cW
, g2 =
e
sW
, (7.8)
λH =
e2
2s2
W
hH, λt =
e√
2sW
ht. (7.9)
In one-loop approximation, the corresponding relations for the counterterms read
δg1
g1
=
δe
e
− 1
2
δc2
W
c2
W
, (7.10)
δg2
g2
=
δe
e
− 1
2
δs2
W
s2
W
=
δe
e
+
c2
W
2s2
W
δc2
W
c2
W
, (7.11)
1The Yukawa couplings λf ∝ mf/MW to light fermions f 6= t are not considered since they are very
small.
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δλH
λH
= 2
δg2
g2
+
δheffH
hH
, (7.12)
δλt
λt
=
δg2
g2
+
δht
ht
. (7.13)
These relations are obtained by the first derivatives of the lowest-order relations, and by
absorbing additional effects originating from tadpole renormalization (cf. Ref. [53]) into
a redefinition of the counterterm δhH → δheffH . These tadpole effects are discussed in
Sect. 7.3.
In the following sections all counterterms are determined in LA. If one adopts the
set of parameters (7.5), then the parameter-renormalization corrections to a specific Born
matrix element are obtained from
δPRM =
{
∂M0
∂e
δe+
∂M0
∂cW
δcW +
∂M0
∂hH
δheffH +
∂M0
∂ht
δht
} ∣∣∣∣
µ2=s
, (7.14)
or by the replacements e → e + δe, cW → cW + δcW, sW → sW + δsW, hH → hH + δheffH ,
and ht → ht + δht in M0(e, cW, hH, ht). Equivalently, one can use the parameters (7.4)
and the counterterms (7.10)–(7.13). In any case, the lowest-order matrix elements need
to be known in the high-energy limit only. For processes with longitudinal gauge bosons,
the renormalization of the parameters has to be applied to the matrix elements resulting
from the GBET.
7.2 Renormalization of gauge interactions
In the on-shell scheme [46], the gauge interactions with matter are determined by the
parameters e,MW,MZ. The electric charge is defined as the photon–electron coupling
constant in the limit of zero momentum transfer. The renormalization condition for the
corresponding vertex function reads
u¯(p)ΓAee¯µ (0, p,−p)u(p)
∣∣∣
p2=m2e
= eu¯(p)γµu(p). (7.15)
The resulting counterterm δe is related to the gauge-boson FRC’s (5.29) by Ward identities
[46] and reads
δe
e
= −1
2
[
δZAA +
sW
cW
δZZA
]
LA
=
1
2
[
− α
4π
bewAA log
µ2
M2W
+∆α(M2W)
]
, (7.16)
where bewAA = −11/3 is the one-loop coefficient of the electroweak beta function (see
Appendix B.6) corresponding to the running electromagnetic coupling, and ∆α(M2W) is
given in (5.34) and represents the running of the electromagnetic coupling constant from
zero momentum transfer to the electroweak scale.
The physical masses of the weak gauge-bosons are fixed by the renormalization condi-
tions (5.22) and their counterterms are given in (5.77) in LA. The resulting counterterm
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for the weak mixing angle (7.6) is
δc2
W
c2
W
=
δM2W
M2W
− δM
2
Z
M2Z
LA
=
α
4π
{
sW
cW
bewAZ log
µ2
M2W
+
5
6c2
W
log
M2H
M2W
− 9 + 6s
2
W
− 32s4
W
18s2
W
c2
W
log
m2t
M2W
}
.
(7.17)
where we have used the relation
bewAZ =
cW
sW
(bewZZ − bewWW ) = −
19 + 22s2
W
6sWcW
(7.18)
between coefficients of the electroweak beta function, which follows from (B.59). Note
that the large Yukawa contributions (m2t/M
2
W) log(µ
2/m2t ) in the mass counterterms (5.77)
cancel in (7.17).
For the counterterms (7.10) and (7.11) to the U(1) and SU(2) gauge couplings we
obtain
δg1
g1
LA
=
1
2
{
α
4π
[
−b˜ewB log
µ2
M2W
− 5
6c2
W
log
M2H
M2W
+
9 + 6s2
W
− 32s4
W
18s2
W
c2
W
log
m2t
M2W
]
+∆α(M2W)
}
,
δg2
g2
LA
=
1
2
{
α
4π
[
−b˜ewW log
µ2
M2W
+
5
6s2
W
log
M2H
M2W
− 9 + 6s
2
W
− 32s4
W
18s4
W
log
m2t
M2W
]
+∆α(M2W)
}
,
(7.19)
where we have used the relations (B.59), and b˜ewB = −41/(6c2W) and b˜ewW = 19/(6s2W) are
the one-loop coefficients of the electroweak beta function corresponding to the U(1) and
SU(2) running couplings, respectively.
7.3 Renormalization in the scalar sector
We consider now the scalar sector and discuss the renormalization of the dimensionless
scalar self-interaction λH that enters the scalar potential
V (Φ) = −µ2|Φ+ v|2 + λH
4
|Φ + v|4, Φ+ v =
 φ+
1√
2
(v +H + iχ)
 . (7.20)
In order to relate λH to the masses of the physical Higgs boson and the weak gauge bosons,
we need to define and to renormalize all parameters in the scalar potential, including the
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dimension-full parameters µ and v. Note that the vev v and its counterterm δv are related
to the parameters in the gauge sector and the corresponding counterterms by
MW =
g2
2
v,
δMW
MW
=
δg2
g2
+
δv
v
. (7.21)
In order to specify physical renormalization conditions for the two remaining parameters
in the Higgs potential we consider those terms that are linear and bilinear in the Higgs
field H
V (Φ) = −tH + 1
2
M2HH
2 + . . . . (7.22)
The tadpole t and the Higgs mass MH are related to (µ, v, λH) by
t = v
(
µ2 − λH
4
v2
)
, (7.23)
M2H = −µ2 +
3λH
4
v2 = 2µ2 − 3 t
v
. (7.24)
In the on-shell scheme, one adopts t and MH as independent parameters and one renor-
malizes them as follows:
• The Higgs mass (7.24) is defined as physical mass through the renormalization con-
dition (5.11) and the resulting counterterm is given in (5.12). Evaluating the Higgs
self-energy diagrams (5.14) in LA we obtain2
δM2H
M2H
LA
=
α
4π
{[
9
2s2
W
M2W
M2H
(
1 +
1
2c4
W
)
− 3
2
CewΦ +
15
8s2
W
M2H
M2W
]
log
µ2D
M2H
+
N tC
2s2
W
m2t
M2W
(
1− 6m
2
t
M2H
)
log
µ2D
m2t
− N
t
C
2s2
W
m2t
M2W
(
1− 4m
2
t
M2H
)
log
M2H,t
m2t
}
,
(7.25)
where MH,t = max (MH,mt) and C
ew
Φ = (1 + 2c
2
W
)/(4c2
W
s2
W
) [see (B.28)].
• For the renormalized tadpole (7.23) one requires t = 0 such that, in lowest order, v
corresponds to the minimum of the potential and to the vev of the Higgs field. Since
this condition is not protected by any symmetry, the vev of the Higgs field is shifted
by radiative corrections. In order to compensate this shift one introduces a tadpole
counterterm δt and one requires
ΓH(0) = ΓH0 (0) + δt = 0, (7.26)
for the 1PI Higgs 1-point function. This guarantees that v corresponds to the mini-
mum of the effective potential. Evaluating the tadpole diagrams
iΓH0 =
H
V a
+
H
ua
+
H
Φk
+
H
fj,σ
(7.27)
2In this section, the scale of dimensional regularization is denoted by µD.
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in LA we obtain
δt = −ΓH0 (0) LA=
α
4π
2sWMWM
2
H
e
{[
− 3
2s2
W
M2W
M2H
(
1 +
1
2c4
W
)
− 1
2
CewΦ
]
log
µ2D
M2W
− 3
8s2
W
M2H
M2W
log
µ2D
M2H
+N tC
m4t
s2
W
M2WM
2
H
log
µ2D
m2t
}
. (7.28)
The scalar self-coupling λH is now determined by v, t,MH through (7.23), (7.24) and reads
λH =
2
v2
(
M2H +
t
v
)
. (7.29)
The corresponding counterterm is given by the derivative of (7.29) at t = 0 and reads
δλH
λH
= −δv
2
v2
+
δM2H
M2H
+
δt
vM2H
= 2
δg2
g2
− δM
2
W
M2W
+
δM2H
M2H
+
eδt
2sWMWM2H
. (7.30)
We stress that besides the naive renormalization of the lowest-order relation (7.9) addi-
tional tadpole contributions appear in (7.30). In LA we have
δλH
λH
LA
=
α
4π
{[
3
s2
W
M2W
M2H
(
1 +
1
2c4
W
)
− 6CewΦ
]
log
µD
2
M2W
+
3
2s2
W
M2H
M2W
log
µD
2
M2H
+
N tC
s2
W
m2t
M2W
(
1− 2m
2
t
M2H
)
log
µD
2
m2t
+
[
− 9
2s2
W
M2W
M2H
(
1 +
1
2c4
W
)
+
3
2
CewΦ +
5
3s2
W
]
log
M2H
M2W
− 9− 12s
2
W
− 32s4
W
18s4
W
log
m2t
M2W
− N
t
C
2s2
W
m2t
M2W
(
1− 4m
2
t
M2H
)
log
M2H,t
m2t
}
+∆α(M2W).
(7.31)
In the parametrization (7.5), the effect of the tadpole renormalization can be absorbed
into the counterterm for the mass ratio hH as in (7.12). This is then given by
δheffH
hH
= −δM
2
W
M2W
+
δM2H
M2H
+
eδt
2sWMWM
2
H
, (7.32)
and in LA
δheffH
hH
LA
=
α
4π
{[
bewWW +
3
s2
W
M2W
M2H
(
1 +
1
2c4
W
)
− 6CewΦ
]
log
µ2D
M2W
+
3
2s2
W
M2H
M2W
log
µ2D
M2H
+
N tC
s2
W
m2t
M2W
(
1− 2m
2
t
M2H
)
log
µ2D
m2t
+
[
− 9
2s2
W
M2W
M2H
(
1 +
1
2c4
W
)
+
3
2
CewΦ +
5
6s2
W
]
log
M2H
M2W
+
N tC
3s2
W
log
m2t
M2W
− N
t
C
2s2
W
m2t
M2W
(
1− 4m
2
t
M2H
)
log
M2H,t
m2t
}
. (7.33)
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7.4 Renormalization of the top-quark Yukawa coupling
The renormalization of the top-quark Yukawa coupling is determined by the top-quark
mass. In the on-shell scheme, mt is defined as the physical top-quark mass through the
renormalization condition (5.43). The corresponding counterterm is given by (5.47), and
evaluating the top self-energy (5.48) in LA we obtain
δmt
mt
LA
=
α
4π
{
1
2
(CewtL − CewtR ) log
µ2
m2t
+
3
8s2
W
m2t
M2W
log
µ2
M2H,t
}
, (7.34)
whereMH,t = max (MH,mt) and the Casimir operator C
ew is defined in (B.28). Combining
this with the counterterm for the W–boson mass (5.77) and using the relation
CewΦ = C
ew
tL +
1
2
CewtR , (7.35)
we obtain the counterterm to the mass ratio ht in (7.7)
δht
ht
=
δmt
mt
− 1
2
δM2W
M2W
LA
=
α
4π
{
1
2
bewWW log
µ2
M2W
+
[
3 + 2N tC
8s2
W
m2t
M2W
− 3
2
(CewtL +C
ew
tR )
]
log
µ2
m2t
+
(
1
2s2
W
− 2CewΦ
)
log
m2t
M2W
− 3
8s2
W
m2t
M2W
log
M2H,t
m2t
+
5
12s2
W
log
M2H
M2W
}
. (7.36)
Finally, for the counterterm (7.13) to the top-quark Yukawa coupling we have
δλt
λt
LA
=
α
4π
{[
−3
2
(CewtL + C
ew
tR ) +
3 + 2N tC
8s2
W
m2t
M2W
]
log
µ2
m2t
−
(
9− 12s2
W
− 32s4
W
36s4
W
+ 2CewΦ
)
log
m2t
M2W
− 3
8s2
W
m2t
M2W
log
M2H,t
m2t
+
5
6s2
W
log
M2H
M2W
}
+
1
2
∆α(M2W). (7.37)
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Chapter 8
Applications to simple processes
In this chapter, our generic results for the electroweak logarithmic corrections are applied
to the processes e+e− → f f¯ , e+e− → W+W−, e+e− → ZZ,Zγ, γγ and d¯u → W+Z,W+γ.
We give explicit analytical and numerical expressions for the relative corrections
δϕi1ϕi2→ϕi3ϕi4 (p1, p2, p3, p4) =
δMϕi1ϕi2 ϕ¯i3 ϕ¯i4 (p1, p2,−p3,−p4)
Mϕi1ϕi2 ϕ¯i3 ϕ¯i40 (p1, p2,−p3,−p4)
(8.1)
to the Born matrix elements. Recall that according to our convention (2.1), the predictions
for 2 → 2 processes have to be extracted using crossing symmetry from our formulas for
4→ 0 processes. Note that the corrections to the cross sections are twice as large as (8.1).
The complete logarithmic corrections are first presented in analytic form, expressing
the coefficients of the various logarithms1 in terms of the gauge couplings and of other
group-theoretical quantities that are defined in Appendix B. The coefficients of the gen-
uine electroweak2 (ew) logarithms are then evaluated numerically using the parameters
MW = 80.35GeV, MZ = 91.1867GeV, mt = 175GeV,
α =
1
137.036
, s2
W
= 1− M
2
W
M2Z
≈ 0.22356. (8.2)
For the DL and SL contributions we use the shorthands (2.13), and in order to keep track
of the origin of the various SL terms we introduce different subscripts
lC = lYuk = lPR = lZ = l(s) =
α
4π
log
s
M2W
, (8.3)
where lC, lYuk, lPR, and lZ, denote collinear
3, Yukawa, PR contributions, and the Z-boson
contributions from (3.24), respectively.
1In this chapter the logarithms log (MH/MW) and log (mt/MW) have been omitted.
2These are obtained by omitting the pure electromagnetic contributions that result from the gap between
the electromagnetic and the weak scale as well as the contributions log (MH/MW) and log (mt/MW).
Accordingly they include the symmetric-electroweak contributions and the IZ terms originating from Z-
boson loops in (3.24).
3By collinear corrections we mean the corrections (5.5) which involve the collinear mass singularities
from truncated loop diagrams as well as the mass singularities from field-renormalization.
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8.1 Four-fermion neutral-current processes
The Sudakov DL corrections (3.24) and the collinear or soft SL corrections (5.54) depend
only on the quantum numbers of the external legs, and can be applied to 4-fermion pro-
cesses in a universal way. However, we are interested also in the SSC corrections (3.35)
and PR corrections, which depend on the specific properties of the process. A general
description of these corrections requires a decomposition of the Born matrix element into
neutral-current (NC) and charged-current (CC) contributions. In order to simplify the
discussion we restrict ourselves to pure NC transitions. To simplify notation, we consider
processes involving a lepton–antilepton and a quark–antiquark pair. However, our analy-
sis applies to the more general case of two fermion–antifermion pairs of different isospin
doublets. The 4 external states and their momenta are chosen to be incoming, so that the
process reads
l¯κσl
κ
σq
λ
ρ q¯
λ
ρ → 0, (8.4)
where κ, λ = R,L are the chiralities and σ, ρ = ± the isospin indices. All formulas for the
4 → 0 process (8.4) are expressed in terms of the eigenvalues INlκσ and INqλρ of the fermions
(see Appendix B).
1. Born matrix elements
In the high-energy limit, the Born amplitude is given by
Ml¯
κ
σ l
κ
σq
λ
ρ q¯
λ
ρ
0 = e
2Rlκσqλρ
A12
r12
, (8.5)
where
Rφiφk :=
∑
N=A,Z
INφiI
N
φk
=
1
4c2
W
YφiYφk +
1
s2
W
T 3φiT
3
φk
, (8.6)
and terms of order M2Z/r12, originating from the difference between the photon and the Z-
boson mass, are neglected. Note that (8.6) and the following formulas have an important
chirality dependence, owing to the different values of the group-theoretical operators in
the representations for right-handed and left-handed fermions.
2. Leading soft-collinear corrections
The Sudakov soft–collinear corrections give according to (3.24) the leading contribution
δLSC
l¯κσ l
κ
σq
λ
ρ q¯
λ
ρ
= −
∑
f
µ
τ =lκσ,q
λ
ρ
[
Cewfµτ L(s)− 2(I
Z
f
µ
τ
)2 log
M2Z
M2W
lZ +Q
2
fτL
em(s, λ2,m2fτ )
]
. (8.7)
3. Subleading soft-collinear corrections
The angular-dependent SSC corrections are obtained from (3.35). The contribution of the
neutral gauge bosons N = A,Z is diagonal in the SU(2) indices, and factorizes into the
Born matrix element (8.5) times the relative correction∑
N=A,Z
δN,SSC
l¯κσ l
κ
σq
λ
ρ q¯
λ
ρ
= −2l(s)
{
(Rlκσ lκσ +Rqλρ qλρ ) log
|r12|
s
+ 2Rlκσqλρ log
|r13|
|r14|
}
− α
2π
log
M2W
λ2
[
(Q2lσ +Q
2
qρ) log
|r12|
s
+ 2QlσQqρ log
|r13|
|r14|
]
, (8.8)
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where IN
f¯f¯
= −INff = −INf has been used and terms involving log (MW/MZ) log (s/M2W)
have been omitted. The contribution of the charged gauge bosons to (3.35) gives∑
V a=W±
δV
a,SSCMl¯κσ lκσqλρ q¯λρ = − 1
s2
W
l(s)
{(
δκLMl¯
κ
−σ l
κ
−σq
λ
ρ q¯
λ
ρ
0 + δλLM
l¯κσ l
κ
σq
λ
−ρq¯
λ
−ρ
0
)
log
|r12|
s
+ δκLδλL
[
δσρ
(
Ml¯
κ
−σ l
κ
σq
λ
−ρq¯
λ
ρ
0 +M
l¯κσ l
κ
−σq
λ
ρ q¯
λ
−ρ
0
)
log
|r13|
s
− δ−σρ
(
Ml¯
κ
−σ l
κ
σq
λ
ρ q¯
λ
−ρ
0 +M
l¯κσ l
κ
−σq
λ
−ρq¯
λ
ρ
0
)
log
|r14|
s
]}
, (8.9)
where the non-diagonal couplings (B.33) have been used4. On the rhs, the SU(2)-trans-
formed Born matrix elements involving the isospin partners lκ−σ, qλ−ρ, have to be evaluated
explicitly. The NC matrix elements (first line) are obtained from (8.5), and for the CC
amplitudes we find up to mass-suppressed terms using the non-diagonal couplings (B.33),
Ml¯
κ
σ′
lκ
−σ′
qλ
ρ′
q¯λ
−ρ′
0 =
e2
2s2
W
A12
r12
. (8.10)
Then, dividing (8.9) by the Born matrix element, we obtain the relative correction∑
V a=W±
δV
a,SSC
l¯κσ l
κ
σq
λ
ρ q¯
λ
ρ
= − 1
s2
W
Rlκσqλρ
l(s)
{(
δκLRlκ−σqλρ + δλLRlκσqλ−ρ
)
log
|r12|
s
(8.11)
+
δκLδλL
s2
W
[
δσρ log
|r13|
s
− δ−σρ log |r14|
s
]}
.
The angular-dependent corrections for 2 → 2 processes, like those depicted in Fig. 8.1,
are directly obtained from (8.8) and (8.11) by substituting the invariants rkl by the corre-
sponding Mandelstam variables s, t, u. For the s-channel processes l¯κσl
κ
σ → q¯λρ qλρ , we have
to substitute r12 = s, r13 = t, r14 = u, and the SSC corrections simplify to
δSSC
l¯κσ l
κ
σ→q¯λρ qλρ = −l(s)
[
4Rlκσqλρ log
t
u
+
δκLδλL
s4
W
Rlκσqλρ
(
δσρ log
|t|
s
− δ−σρ log |u|
s
)]
− α
π
QlσQqρ log
M2W
λ2
log
t
u
. (8.12)
If one subtracts the photonic contributions from (8.12) one finds agreement with eq. (50)
of Ref. [39]. For the t-channel processes q¯λρ l
κ
σ → q¯λρ lκσ, the substitution in (8.8) and (8.11)
reads r12 = t, r13 = s, r14 = u, whereas for q
λ
ρ l
κ
σ → qλρ lκσ one has to choose r12 = t, r13 =
u, r14 = s.
4. SL corrections associated to external particles
The SL corrections (5.54) give
δC
l¯κσ l
κ
σq
λ
ρ q¯
λ
ρ
=
∑
f
µ
τ =lκσ,q
λ
ρ
[
3Cewfµτ lC −
m2t
4s2
W
M2W
((1 + δµR)δfτ t + δµLδfτb) lYuk
+
α
4π
Q2fτ
(
log
M2W
m2fτ
+ 2 log
M2W
λ2
)]
, (8.13)
4Note that the non-diagonal effects related to the quark-mixing matrix have not been considered in
this section.
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lκσ
l¯κσ
qλρ
q¯λρ
A,Z
lκσ
q¯λρ
A,Z
lκσ
q¯λρ
Figure 8.1: Lowest-order diagrams for l¯κσl
κ
σ → q¯λρqλρ and q¯λρ lκσ → q¯λρ lκσ
where the Yukawa corrections contribute only in the case of external top (fτ = t) or
bottom (fτ = b) quarks and depend on their chirality µ.
5. Logarithms from parameter renormalization
The PR logarithms for NC processes are obtained from the renormalization of the electric
charge and the weak mixing angle in the Born amplitude (8.5). Using (7.17) and (7.16)
this gives the relative correction
δPR
l¯κσ l
κ
σq
λ
ρ q¯
λ
ρ
=
[
sW
cW
bewAZ∆lκσqλρ − bewAA
]
lPR +∆α(M
2
W), (8.14)
where
∆φiφk :=
− 1
4c2
W
YφiYφk +
c2
W
s4
W
T 3φiT
3
φk
Rφiφk
(8.15)
gives a chirality-dependent contribution owing to mixing-angle renormalization of (8.6),
and bewAA represents the universal contribution of electric charge renormalization.
6. Numerical evaluation
In order to give an impression of the size of the genuine electroweak part of the corrections,
we consider the relative corrections δ
κeκf ,ew
e+e−→f¯f to NC processes e
+e− → f¯ f with chiralities
κe, κf = R or L, and give the numerical coefficients of the electroweak logarithms for the
cases f = µ, t,b. For muon-pair production we have
δRR,ewe+e−→µ+µ− = −2.58L(s) − 5.15
(
log
t
u
)
l(s) + 0.29 lZ + 7.73 lC + 8.80 lPR,
δRL,ewe+e−→µ+µ− = −4.96L(s) − 2.58
(
log
t
u
)
l(s) + 0.37 lZ + 14.9 lC + 8.80 lPR,
δLL,ewe+e−→µ+µ− = −7.35L(s) −
(
5.76 log
t
u
+ 13.9 log
|t|
s
)
l(s) + 0.45 lZ
+ 22.1 lC − 9.03 lPR, (8.16)
and δLR,ewe+e−→µ+µ− = δ
RL,ew
e+e−→µ+µ− . For top-quark-pair production we find
δRR,ewe+e−→t¯t = −1.86L(s) + 3.43
(
log
t
u
)
l(s) + 0.21 lZ + 5.58 lC − 10.6 lYuk + 8.80 lPR,
δRL,ewe+e−→t¯t = −4.68L(s) + 0.86
(
log
t
u
)
l(s) + 0.50 lZ + 14.0 lC − 5.30 lYuk + 8.80 lPR,
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δLR,ewe+e−→t¯t = −4.25L(s) + 1.72
(
log
t
u
)
l(s) + 0.29 lZ + 12.7 lC − 10.6 lYuk + 8.80 lPR,
δLL,ewe+e−→t¯t = −7.07L(s) +
(
4.90 log
t
u
− 16.3 log |u|
s
)
l(s) + 0.58 lZ
+ 21.2 lC − 5.30 lYuk − 12.2 lPR, (8.17)
and for bottom-quark-pair production we obtain
δRR,ew
e+e−→b¯b = −1.43L(s) − 1.72
(
log
t
u
)
l(s) + 0.16 lZ + 4.29 lC + 8.80 lPR,
δRL,ew
e+e−→b¯b = −4.68L(s) + 0.86
(
log
t
u
)
l(s) + 0.67 lZ + 14.0 lC − 5.30 lYuk + 8.80 lPR,
δLR,ew
e+e−→b¯b = −3.82L(s) − 0.86
(
log
t
u
)
l(s) + 0.24 lZ + 11.5 lC + 8.80 lPR,
δLL,ew
e+e−→b¯b = −7.07L(s) −
(
4.04 log
t
u
+ 19.8 log
|t|
s
)
l(s) + 0.75 lZ
+ 21.2 lC − 5.30 lYuk − 16.6 lPR. (8.18)
The Mandelstam variables are defined as usual, i.e. s = (pe+ + pe−)
2, t = (pe+ − pf¯ )2 and
u = (pe+−pf )2. Note that the corrections to light quark-pair production f = u, c (d, s) are
obtained from the results for heavy quarks f = t (b) by omitting the Yukawa contributions.
Independently of the process and of the chirality, the DL and SL terms appear in the
combination (−L(s)+3lC), so that the negative DL contribution becomes dominating only
above 400GeV, and at
√
s = 1TeV the cancellation between SL and DL corrections is still
important. The SU(2) interaction, which is stronger than the U(1) interaction, generates
large corrections for left-handed fermions. Also the PR logarithms show a strong chirality
dependence: the RR and RL transitions receive positive corrections from the running of
the abelian U(1) coupling, whereas the LL transition is dominated by the non-abelian
SU(2) interaction and receives negative PR corrections.
8.2 Production of W-boson pairs in e+e−annihilation
We consider the polarized scattering process5 e+κ e
−
κ → W+λ+W−λ− , where κ = R,L is the
electron chirality, and λ± = 0,± represent the gauge-boson helicities. In the high-energy
limit only the following helicity combinations are non-suppressed [14, 54]: the purely
longitudinal final state (λ+, λ−) = (0, 0), which we denote by (λ+, λ−) = (L,L), and
the purely transverse and opposite final state (λ+, λ−) = (±,∓), which we denote by
(λ+, λ−) = (T,T). All these final states, can be written as (λ+, λ−) = (λ,−λ). The
Mandelstam variables are s = (pe+ + pe−)
2, t = (pe+ − pW+)2 ∼ −s(1 − cos θ)/2, and
u = (pe+ − pW−)2 ∼ −s(1 + cos θ)/2, where θ is the angle between e+ and W+.
1. Born matrix elements
The Born amplitude gets contributions of the s- and t-channel diagrams in Fig. 8.2 and
reads
Me
+
κ e
−
κ→W+LW−L
0 = e
2Re−κ φ−
As
s
,
5The momenta and fields of the initial states are incoming, and those of the final states are outgoing.
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Figure 8.2: Dominant lowest-order diagrams for e+e− → φ+φ− and e+e− →W+TW−T
Me
+
L
e−
L
→W+
T
W−
T
0 =
e2
2s2
W
At
t
(8.19)
up to terms of order M2W/s, where R is defined in (8.6). The amplitude involving longitu-
dinal gauge bosons WL is expressed by the amplitude involving would-be Goldstone bosons
φ± and is dominated by the s-channel exchange of neutral gauge bosons. The amplitude
for transverse gauge-boson production is dominated by the t-channel contribution, which
involves only the SU(2) interaction. Therefore, it is non-vanishing only for left-handed
electrons in the initial state.
2. Leading soft-collinear corrections
The leading DL corrections (3.24) yield
δLSC
e+κ e
−
κ→W+λW−−λ
= −
∑
ϕ=e−κ ,W
−
λ
[
Cewϕ L(s)− 2(IZϕ )2 log
M2Z
M2W
lZ +Q
2
ϕL
em(s, λ2,m2ϕ)
]
. (8.20)
Here and in the following formulas, for longitudinally polarized gauge bosons W±L the
quantum numbers of the would-be Goldstone bosons φ± have to be used.
3. Subleading soft-collinear corrections
The SSC corrections are obtained by applying (3.35) to the crossing symmetric process
e+κ e
−
κW
−
λW
+
−λ → 0. The contribution of the neutral gauge bosons N = A,Z gives∑
N=A,Z
δN,SSC
e+κ e
−
κ→W+λW−−λ
= −4Re−κW−λ l(s) log
t
u
− α
π
Qe−QW− log
M2W
λ2
log
t
u
, (8.21)
and corresponds to the result (8.8) for 4-fermion s-channel NC processes. The contribution
of soft W± bosons to (3.35) yields∑
V a=W±
δV
a,SSCMe+κ e−κ φ−φ+ = −2l(s)δκL√
2sW
∑
S=H,χ
[
I+SMν¯κe
−
κ Sφ
+
0 − I−SMe
+
κ νκφ
−S
0
]
log
|t|
s
,
∑
V a=W±
δV
a,SSCMe+L e−LW−TW+T = − 2l(s)√
2sW
∑
N=A,Z
[
I+NM
ν¯Le
−
L
NTW
+
T
0 − I−NM
e+
L
νLW
−
T
NT
0
]
log
|t|
s
,
(8.22)
where, depending on the polarization of the final states, one has to use the non-diagonal
W± couplings to would-be Goldstone bosons (I±S ) defined in (B.38) or the W
± couplings
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to gauge bosons (I±N ) defined in (B.45). The SU(2)-transformed Born matrix elements on
the rhs of (8.22) have to be evaluated explicitly. For would-be Goldstone bosons, we have
s-channel CC amplitudes
Mν¯κe−κ Sφ+0 = −e2I−S
δκL√
2sW
As
s
, Me+κ νκφ−S0 = e2I+S
δκL√
2sW
As
s
, (8.23)
similar to the NC Born amplitude in (8.19), whereas for transverse gauge bosons we have
Mν¯κe
−
κNTW
+
T
0 =M
e+κ νκW
−
T
NT
0 = e
2 δκL√
2sW
(
INνκ
At
t
+ IN
e−κ
Au
u
)
, (8.24)
where At = Au up to mass-suppressed contributions. In contrast to (8.19), the transformed
amplitude (8.24) receives contributions from both t and u channels. Expressing (8.22) as
relative corrections to the Born matrix elements we obtain∑
V a=W±
δV
a,SSC
e+κ e
−
κ→W+LW−L
= −l(s) δκL
s4
W
Re−
L
φ−
log
|t|
s
,
∑
V a=W±
δV
a,SSC
e+
L
e−
L
→W+
T
W−
T
= − 2
s2
W
(
1− t
u
)
l(s) log
|t|
s
. (8.25)
4. SL corrections associated to external particles
The SL corrections can be read off from (5.54), (5.38), and (5.82),
δC
e+κ e
−
κ→W+LW−L
=
[
3Ceweκ + 4C
ew
Φ
]
lC − 3
2s2
W
m2t
M2W
lYuk +
α
4π
∑
ϕ=e,W
(
log
M2W
m2ϕ
+ 2 log
M2W
λ2
)
,
δC
e+
L
e−
L
→W+
T
W−
T
=
[
3CeweL + b
ew
W
]
lC +
α
4π
∑
ϕ=e,W
(
log
M2W
m2ϕ
+ 2 log
M2W
λ2
)
. (8.26)
Despite of their different origin, the lC contributions for longitudinal and transverse gauge
bosons have similar numerical values 4CewΦ = 14.707 and b
ew
W = 14.165. The strong W-
polarization dependence of δC is due to the large Yukawa contributions occurring only for
longitudinal gauge bosons.
5. Logarithms from parameter renormalization
The PR logarithms are obtained from the renormalization of (8.19) and read according to
(7.16)–(7.19)
δPR
e+κ e
−
κ→W+LW−L
=
[
sW
cW
bewAZ∆e−κ φ− − b
ew
AA
]
lPR +∆α(M
2
W),
δPR
e+
L
e−
L
→W+
T
W−
T
= −bewW lPR +∆α(M2W), (8.27)
where ∆ is defined in (8.15). Note that for transverse polarizations, the symmetric-
electroweak parts of the PR corrections (−bewW lPR) and the collinear SL corrections origi-
nating from external gauge bosons (bewW lC) cancel. As illustrated in Appendix E, this kind
of cancellation takes place for all processes with production of arbitrary many charged or
neutral transverse gauge bosons in fermion–antifermion annihilation.
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The results (8.20)–(8.27) can be compared with those of Ref. [14]. After subtracting the
real soft-photonic corrections from the results of Ref. [14] we find complete agreement for
the logarithmic corrections.
6. Numerical evaluation
The coefficients for the various electroweak logarithmic contributions to the relative cor-
rections δκλe+e−→W+W− read
δLL,ewe+e−→W+W− = −7.35L(s) −
(
5.76 log
t
u
+ 13.9 log
|t|
s
)
l(s) + 0.45 lZ
+ 25.7 lC − 31.8 lYuk − 9.03 lPR,
δRL,ewe+e−→W+W− = −4.96L(s) − 2.58
(
log
t
u
)
l(s) + 0.37 lZ
+ 18.6 lC − 31.8 lYuk + 8.80 lPR,
δLT,ewe+e−→W+W− = −12.6L(s) − 8.95
[
log
t
u
+
(
1− t
u
)
log
|t|
s
]
l(s) + 1.98 lZ
+ 25.2 lC − 14.2 lPR. (8.28)
Recall that the pure electromagnetic contributions have been omitted. These correction
factors are shown in Figs. 8.3 and 8.4 as a function of the scattering angle and the en-
ergy, respectively. If the electrons are left-handed, large negative DL and PR corrections
originate from the SU(2) interaction. Instead, for right-handed electrons the DL correc-
tions are smaller, and the PR contribution is positive. For transverse W bosons, there
are no Yukawa contributions and the other contributions are in general larger than for
longitudinal W bosons. Nevertheless, for energies around 1TeV, the corrections are sim-
ilar. Finally, note that the angular-dependent contributions are very important for the
LL and LT corrections: at
√
s ≈ 1TeV they vary from +15% to −5% for scattering an-
gles 30◦ < θ < 150◦, whereas the angular-dependent part of the RL corrections remains
between ±2%.
8.3 Production of neutral gauge-boson pairs in e+e−anni-
hilation
We consider the polarized scattering process e+κ e
−
κ → N1TN2T with incoming electrons of
chirality κ = R,L and outgoing gauge bosonsNk = A,Z. The amplitude is non-suppressed
only for transverse and opposite gauge-boson polarizations (λ1, λ2) = (±,∓) [55].
1. Born matrix elements
In lowest order the t- and u-channel diagrams (Fig. 8.5) yield
Me
+
κ e
−
κ→N1TN2T
0 = e
2IN
1
e−κ
IN
2
e−κ
[
At
t
+
Au
u
]
(8.29)
up to terms of order M2W/s, where the Mandelstam variables are defined as in Sect. 8.2.
In the ultra-relativistic limit the amplitude is symmetric with respect to exchange of the
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Figure 8.5: Lowest-order diagrams for e+e− → N1N2
gauge bosons, and if we restrict ourselves to the combinations of helicities that are not
suppressed we have
At = Au, (8.30)
up to mass-suppressed contributions.
2. Leading soft-collinear corrections
The leading DL corrections read [cf. (3.24)]
δLSCMe+κ e−κ→N1TN2T =
−
[
Ceweκ L(s)− 2(IZeκ)2 log
M2Z
M2W
lZ + L
em(s, λ2,m2e)
]
Me
+
κ e
−
κ→N1TN2T
0
− 1
2
[
Cew
N
′
N1
Me
+
κ e
−
κ→N ′TN2T
0 + C
ew
N
′
N2
Me
+
κ e
−
κ→N1TN
′
T
0
]
L(s) (8.31)
with a non-diagonal contribution associated with the external neutral gauge bosons. Using
CewN ′NI
N ′ =
2
s2
W
UNW 3(θw)I˜
W 3 =
2
s2
W
UNW 3(θw)
T 3
sW
, (8.32)
where UNN˜ (θw) is the Weinberg rotation defined in (B.9), we can derive a correction
relative to the Born matrix element,
δLSC
e+κ e
−
κ→N1TN2T
= −
[
Ceweκ L(s)− 2(IZeκ)2 log
M2Z
M2W
lZ + L
em(s, λ2,m2e)
]
−
T 3
e−κ
s3
W
∑
k=1,2
UNkW 3(θw)
IN
k
e−κ
L(s). (8.33)
Note that only the SU(2) component of the neutral gauge bosons is self-interacting and
can exchange soft gauge bosons. For this reason, only left-handed electrons (T 3 6= 0) yield
a contribution to (8.32) and to the corresponding term in (8.33).
3. Subleading soft-collinear corrections
Angular-dependent DL corrections (3.35) arise only from the exchange of soft W± bosons
between initial and final states, and using the non-diagonal couplings (B.45) we obtain
δSSCMe+κ e−κ N1TN2T = 2l(s)δκL√
2sW
{[
I+
N1
Mν¯κe
−
κW
+
T
N2
T
0 − I−N2M
e+κ νκN
1
T
W−
T
0
]
log
|t|
s
+
[
I+
N2
Mν¯κe
−
κN
1
T
W+
T
0 − I−N1M
e+κ νκW
−
T
N2
T
0
]
log
|u|
s
}
. (8.34)
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The SU(2)-transformed Born matrix elements on the rhs are given by
Mν¯κe
−
κW
+
T
NT
0 =M
e+κ νκNTW
−
T
0 = e
2 δκL√
2sW
(
IN
e−κ
At
t
+ INνκ
Au
u
)
(8.35)
and by (8.24) with At = Au. Expressing the correction (8.34) relative to the Born matrix
element (8.29), we obtain
δSSC
e+κ e
−
κ→N1TN2T
=
δκL
s2
W
l(s)
2∑
k=1
∑
r=t,u
IN
k
W−
IN
k
e−
L
r′
s
+
r
s
IN
k′
νL
IN
k′
e−
L
 log |r|
s
, (8.36)
where r′ = (t, u) for r = (u, t), and k′ = (1, 2) for k = (2, 1).
4. SL corrections associated to external particles
Using (5.54) and (5.38) we obtain for the SL corrections relative to the Born matrix
element
δC
e+κ e
−
κ→N1TN2T
= 3Ceweκ lC +
α
4π
(
log
M2W
m2e
+ 2 log
M2W
λ2
)
+ δC
N1
T
+ δC
N2
T
(8.37)
with
δCA := δ
C
AA =
1
2
bewAAlC −
1
2
∆α(M2W),
δCZ := δ
C
ZZ + δ
C
AZ
Me+κ e−κ→ATNT0
Me+κ e−κ→ZTNT0
=
1
2
bewZZ + b
ew
AZ
IA
e−κ
IZ
e−κ
 lC. (8.38)
5. Logarithms from parameter renormalization
The PR logarithms result from the renormalization of (8.29). As shown in Appendix E,
they are opposite to the collinear SL corrections (8.38) up to pure electromagnetic loga-
rithms. Relative to the Born matrix element they read
δPR
e+κ e
−
κ→N1TN2T
= δPR
N1
T
+ δPR
N2
T
(8.39)
with (see (E.13))
δPRA := −δCA, δPRZ := −δCZ +
1
2
∆α(M2W). (8.40)
6. Numerical evaluation
For right-handed electrons, κ = R, the various electroweak logarithmic contributions to
the relative corrections δκTe+e−→N1N2 give
δRT,ewe+e−→AA = −1.29L(s) + 0.15 lZ + 0.20 lC + 3.67 lPR,
δRT,ewe+e−→AZ = −1.29L(s) + 0.15 lZ − 11.3 lC + 15.1 lPR,
δRT,ewe+e−→ZZ = −1.29L(s) + 0.15 lZ − 22.8 lC + 26.6 lPR. (8.41)
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−
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s = 1TeV
Note that there is no angular dependence. The PR contributions are numerically com-
pensated by the SL and DL Sudakov contributions, and at
√
s = 1TeV the electroweak
logarithmic corrections are less than 1%. For left-handed electrons, we find
δLT,ewe+e−→AA = −8.15L(s) + 8.95F1(t)l(s) + 0.22 lZ + 7.36 lC + 3.67 lPR, (8.42)
δLT,ewe+e−→AZ = −12.2L(s) + (17.0F1(t)− 8.09F2(t))l(s) + 0.22 lZ + 28.1 lC − 17.1 lPR,
δLT,ewe+e−→ZZ = −16.2L(s) + (25.1F1(t)− 45.4F2(t))l(s) + 0.22 lZ + 48.9 lC − 37.9 lPR
with the (t, u)-symmetric angular-dependent functions
F1(t) :=
u
s
log
|t|
s
+
t
s
log
|u|
s
, F2(t) :=
t
s
log
|t|
s
+
u
s
log
|u|
s
. (8.43)
For left-handed electrons all contributions are larger than for right-handed electrons owing
to the SU(2) interaction. The non-abelian effects are particularly strong for Z-boson-
pair production (see Figs. 8.6, 8.7), where the total corrections are almost −25% for√
s = 1TeV and θ = 90◦. The angular-dependent contribution is forward–backward
symmetric, and for ZZ production it varies from +15% to −5% for scattering angles
30◦ < θ < 90◦.
8.4 Production of W+A and W+Z in d¯u annihilation
In this section, we consider the logarithmic corrections to the partonic subprocesses
d¯LuL →W+λWNλN , N = A,Z, (8.44)
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of the proton–proton scattering processes pp → W+A and pp → W+Z. The following
results have been used in Ref. [26] to obtain the logarithmic corrections to the complete
hadronic processes pp→W±γ → lνlγ and pp→W±Z→ lνl l¯′l′.
In the partonic processes (8.44), the charged gauge boson W+ in the final state can
be created only from left-handed anti-down and up quarks d¯L, uL in the initial state
through the SU(2) interaction. In the high-energy limit, as in the previous examples, only
the following combinations of the gauge-boson helicities λW,N = 0,± are non-suppressed:
the purely transverse and opposite final state (λW, λN ) = (±,∓), which we denote by
(λW, λN ) = (T,T), and, in the case of W
+Z production, the purely longitudinal final
state (λW, λZ) = (0, 0), which we denote by (λW, λZ) = (L,L). All these final states,
can be written as (λW, λN ) = (λ,−λ). The Mandelstam variables read s = (pd¯ + pu)2,
t = (pd¯ − pW+)2 ∼ −s(1 − cos θ)/2, and u = (pd¯ − pN )2 ∼ −s(1 + cos θ)/2, where the
momenta of the initial and final states are incoming and outgoing, respectively, and θ is
the angle6 between ~pd¯ and ~pW+ .
1. Born matrix elements
The Born amplitudes get contributions of the s−, t− and u−channel diagrams in Fig. 8.8.
In the high-energy limit, i.e. up to corrections of order M2W/s, the Born amplitudes
7 for
the non-suppressed helicities read
Md¯LuLW
−
L
ZL
0 = −iMd¯LuLφ
−χ
0 = −
ie2√
2sW
I+χ
As
s
= − e
2
2
√
2s2
W
As
s
,
6Note that the angle used in Ref. [26] is not θ but θˆ = 180◦ − θ, i.e. the angle between ~pd¯ and ~pN .
7According to our convention (2.1), we give the amplitudes for the crossing symmetric process
d¯LuLW
−
λW
NλN → 0, which are equivalent to the amplitudes for the process (8.44).
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Md¯LuLW
−
T
NT
0 =
e2√
2sW
HN , HN =
(
INuL
At
t
+ INdL
Au
u
)
, (8.45)
The Born amplitude involving longitudinal gauge bosons W±L ,ZL is expressed by the
amplitude involving would-be Goldstone bosons φ±, χ and is dominated by the s-channel
exchange of W bosons. The production of transverse gauge bosons is dominated by the t-
and u-channel contributions and, as noted in (8.30), the amplitudes At and Au are equal
for non-suppressed helicities and in the high-energy limit. Therefore, using the fact that
left-handed up and down quarks have opposite weak isospin and equal weak hypercharge,
the transverse amplitude HN can be easily expressed in terms of the symmetric and
antisymmetric functions
F± = At
(
1
t
± 1
u
)
(8.46)
as
HN = UNW 3(θw)I˜
W 3
uL
F− + UNB(θw)I˜BuLF+, (8.47)
where we have used (B.16). The quantities I˜W
3
uL and I˜
B
uL are the eigenvalues of the SU(2)
and U(1) gauge couplings (B.11), and UNN˜ (θw) are the components of the Weinberg
rotation (B.9). The explicit expressions for N = A,Z read
HA = −F− + YqLF+
2
, HZ =
c2
W
F− − s2WYqLF+
2sWcW
. (8.48)
2. Leading soft-collinear corrections
The leading (angular-independent) Sudakov soft-collinear corrections are obtained from
(3.24). For longitudinally polarized final states, the resulting relative correction to the
Born matrix element reads
δLSC
d¯LuL→W+L ZL
= −1
2
∑
ϕ=d¯L,uL,φ−,χ
[
Cewϕ L(s)− 2(IZϕ )2 log
M2Z
M2W
lZ +Q
2
ϕL
em(s, λ2,m2ϕ)
]
,
= −
[
CewqL + C
ew
Φ
]
L(s) +
∑
ϕ=d¯L,uL,φ−,χ
(IZϕ )
2 log
M2Z
M2W
lZ
−1
2
∑
ϕ=d¯L,uL,φ−
Q2ϕL
em(s, λ2,m2ϕ), (8.49)
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whereas for transversely polarized final states we have the relative correction
δLSC
d¯LuL→W+TNT
= −1
2
∑
ϕ=d¯L,uL,W−
[
Cewϕ L(s)− 2(IZϕ )2 log
M2Z
M2W
lZ +Q
2
ϕL
em(s, λ2,m2ϕ)
]
−1
2
L(s)
∑
N ′=A,Z
CewN ′N
Md¯LuL→W
+
T
N ′T
0
Md¯LuL→W
+
T
NT
0
. (8.50)
Since the Casimir operator (B.29) is non-diagonal in the neutral gauge sector, the contri-
bution associated with the neutral gauge boson N (last line) involves also the transformed
Born matrix element with a neutral gauge boson N ′ 6= N . This contribution can be
simplified using8
∑
N ′=A,Z
CewN ′NM
d¯LuL→W+TN ′T
0 = C
ew
W UNW 3(θw)
e2√
2sW
I˜W
3
uL F−, (8.51)
so that (8.50) can be written as
δLSC
d¯LuL→W+TNT
= −
[
CewqL +
1
2
CewW
(
1 +GN−
)]
L(s)
+
∑
ϕ=d¯L,uL,W−
[
(IZϕ )
2 log
M2Z
M2W
lZ − 1
2
Q2ϕL
em(s, λ2,m2ϕ)
]
. (8.52)
The factor GN− is defined by
GN± = UNW 3(θw)
I˜W
3
uL
HN
F±, (8.53)
and for N = A,Z this reads
GA± =
F±
F− + YqLF+
, GZ± =
c2
W
F±
c2
W
F− − s2WYqLF+
. (8.54)
3. Subleading corrections from soft-collinear photon and Z–boson exchange
The angular-dependent Sudakov (SSC) corrections are obtained by applying the complete
formula (3.35) to the crossing symmetric process d¯LuLW
−
λW
NλN → 0. We first consider
the contribution originating from the exchange of soft-collinear neutral gauge bosons V a =
A,Z between initial and final states. This yields
∑
V a=A,Z
δV
a,SSC
d¯LuL→W+λWNλN
=
∑
V a=A,Z
2
[
l(s) +
α
4π
log
M2W
M2V a
]
IV
a
W−
λW
(
IV
a
d¯L
log
|t|
s
+ IV
a
uL
log
|u|
s
)
+ 2l(s)IZNλN
(
IZ
d¯L
log
|u|
s
+ IZuL log
|t|
s
)
=
8As one can see from the rhs of (8.51), the soft-collinear corrections associated with the final-state
neutral gauge bosons originate only from their W 3 component.
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= 2l(s)

T
3
W−
λW
T 3uL
s2
W
+ IZNλN
cW
sW
T 3uL
(log |t|
s
+ log
|u|
s
)
−
YW−λWYuL
4c2
W
+ IZNλN
sW
2cW
YqL
(log |t|
s
− log |u|
s
)
− α
2π
QW−
[
Qd log
|t|
s
−Qu log |u|
s
]
log
M2W
λ2
. (8.55)
In this formula, for longitudinal final states W+L ZL the quantum numbers of the cor-
responding would-be Goldstone bosons φ+, χ have to be used, in particular T 3
φ−
= −12 ,
Yφ− = −1. For the transverse final states, one has to use the quantum numbers T 3W− = −1,
YW− = 0. The factor I
Z
NλN
describes the coupling of the soft Z-boson with the final-state
gauge boson NλN , and is given by
IZNλ :=
∑
N ′
λ
IZN ′
λ
Nλ
Md¯LuLW
−
λW
N ′
λ
0
Md¯LuLW
−
λW
Nλ
0
, (8.56)
with
IZZ = I
Z
A = 0, I
Z
χ = I
Z
Hχ
I+H
I+χ
= − 1
2sWcW
. (8.57)
For transverse final states IZN vanishes since there is no ZZA or ZZZ gauge coupling. For
longitudinal final states it is non-vanishing owing to the IZHχ coupling, that gives rise to
mixing between χ and H. The effect of this mixing is included into the definition (8.57)
of IZχ . The resulting SSC corrections from soft neutral gauge bosons read∑
V a=A,Z
δV
a,SSC
d¯LuL→W+L ZL
= − l(s)
s2
W
[(
log
|t|
s
+ log
|u|
s
)
− s
2
W
c2
W
YqL
(
log
|t|
s
− log |u|
s
)]
− α
2π
QW−
[
Qd log
|t|
s
−Qu log |u|
s
]
log
M2W
λ2
,
∑
V a=A,Z
δV
a,SSC
d¯LuL→W+TNT
= − l(s)
s2
W
(
log
|t|
s
+ log
|u|
s
)
− α
2π
QW−
[
Qd log
|t|
s
−Qu log |u|
s
]
log
M2W
λ2
. (8.58)
4. Subleading corrections from soft-collinear W–boson exchange
We come now to the part of the SSC corrections (3.35) that originates from exchange of
soft-collinear charged gauge bosons V a = W± between initial and final states. This part
reads ∑
V a=W±
δV
a,SSCMd¯LuLW
−
λW
NλN =
= − 2l(s)√
2sW

∑
N ′
λW
I+
N ′
λW
Mu¯LuLN
′
λW
NλN
0 + I
+
NλN
Md¯LdLW
−
λW
W+
λN
0
 log |t|
s
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−
∑
N ′
λW
I+
N ′
λW
Md¯LdLN
′
λW
NλN
0 + I
+
NλN
Mu¯LuLW
−
λW
W+
λN
0
 log |u|
s
 .
(8.59)
In the case of longitudinal polarizations λW = λN = L, longitudinal gauge bosons W
±
L ,ZL
have to be substituted by the would-be Goldstone bosons φ±, χ, the sums on the rhs
run over the neutral scalar fields N ′L = H,χ, and the corresponding non-diagonal W
±
couplings (B.39) have to be used. The transformed Born matrix elements for longitudinal
final states are given by
Mq¯LqLHχ0 = e2IZqLIZχH
As
s
, Mq¯LqLχχ0 = 0,
Mq¯LqLφ−φ+0 = e2
∑
V a=A,Z
IV
a
qL
IV
a
φ−
As
s
= −e2
(
T 3qL
2s2
W
+
YqL
4c2
W
)
As
s
. (8.60)
Inserting these in (8.59) and dividing by the Born matrix element for longitudinal gauge
bosons we obtain the relative correction∑
V a=W±
δV
a,SSC
d¯LuL→W+L ZL
= − l(s)
s2
W
{(
log
|t|
s
+ log
|u|
s
)
− s
2
W
c2
W
YqL
(
log
|t|
s
− log |u|
s
)}
. (8.61)
For transverse gauge bosons λW = λN = T, the sums on the rhs run over the neutral
gauge bosons N ′T = A,Z, and the non-diagonal W
± couplings (B.46) have to be used.
The transformed Born matrix elements for transverse final states read
Mq¯LqLN ′TNT0 = e2IN
′
qL
INqLF+,
Md¯LdLW
−
T
W+
T
0 =
e2
2s2
W
At
t
=
e2
s2
W
F+ + F−
4
,
Mu¯LuLW
−
T
W+
T
0 =
e2
2s2
W
Au
u
=
e2
s2
W
F+ − F−
4
. (8.62)
Inserting these in (8.59), and using∑
N ′
I+N ′Mq¯LqL→N
′
TNT
0 =
e2
sW
INqL I˜
W 3
qL
F+ =
e2
s2
W
T 3uL
(
UNW 3(θw)I˜
W 3
qL
+ UNB(θw)I˜
B
qL
)
(8.63)
and I+N = 2UNW 3(θw)I˜
W 3
uL
, we obtain∑
V a=W±
δV
a,SSCMd¯LuL→W+TNT =
=
2l(s)√
2sW
e2
s2
W
{
−
[
T 3uL(UNW 3(θw)I˜
W 3
uL
+ UNB(θw)I˜
B
uL
)F+ + I
+
N
F+ + F−
4
]
log
|t|
s
+
[
T 3dL(UNW 3(θw)I˜
W 3
dL
+ UNB(θw)I˜
B
dL
)F+ + I
+
N
F+ − F−
4
]
log
|u|
s
}
= − 2l(s)√
2sW
e2
s2
W
{
1
2
HN
(
log
|t|
s
+ log
|u|
s
)
+ UNW 3(θw)I˜
W 3
uL F+
(
log
|t|
s
− log |u|
s
)}
.
(8.64)
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Then, dividing by the Born matrix element for transverse gauge bosons we obtain the
relative correction∑
V a=W±
δV
a,SSC
d¯LuL→W+TNT
= − l(s)
s2
W
{(
log
|t|
s
+ log
|u|
s
)
+ 2GN+
(
log
|t|
s
− log |u|
s
)}
, (8.65)
where GN+ , is given in (8.53), (8.54).
5. Complete subleading soft-collinear corrections
Combining the contributions of soft-collinear neutral gauge bosons (8.58) and of soft-
collinear charged gauge bosons (8.61), (8.65) we obtain the total SSC relative corrections,
δSSC
d¯LuL→W+L ZL
= − 2
s2
W
l(s)
{(
log
|u|
s
+ log
|t|
s
)
− s
2
W
c2
W
YqL log
t
u
}
− α
2π
QW−
[
Qd log
|t|
s
−Qu log |u|
s
]
log
M2W
λ2
,
δSSC
d¯LuL→W+TNT
= − 2
s2
W
l(s)
{(
log
|t|
s
+ log
|u|
s
)
+GN+ log
t
u
}
− α
2π
QW−
[
Qd log
|t|
s
−Qu log |u|
s
]
log
M2W
λ2
. (8.66)
6. SL contributions associated to the external particles
For longitudinal final states, according to (5.54) and (5.82), the SL corrections associated
to the external particles give
δC
d¯LuL→W+L ZL
=
[
3CewqL + 4C
ew
Φ
]
lC − 3
2s2
W
m2t
M2W
lYuk +
∑
ϕ=d¯L,uL,W−
Q2ϕ l
em(m2ϕ), (8.67)
with
lem(m2ϕ) =
α
4π
(
1
2
log
M2W
m2ϕ
+ log
M2W
λ2
)
. (8.68)
For transverse final states, according to (5.54) and (5.38) we have the relative corrections
δC
d¯LuL→W+TZT
=
3CewqL + 12
bewWW + ∑
N ′=A,Z
(bewN ′N + EN ′Nb
ew
AZ)
Md¯LuL→W
+
T
N ′
T
0
Md¯LuL→W
+
T
NT
0
 lC
+
∑
ϕ=d¯L,uL,W−
Q2ϕ l
em(m2ϕ), (8.69)
so that
δC
d¯LuL→W+TAT
= 3CewqL lC +
1
2
[bewWW + b
ew
AA] lC +
∑
ϕ=d¯L,uL,W−
Q2ϕ l
em(m2ϕ), (8.70)
δC
d¯LuL→W+TZT
= 3CewqL lC +
1
2
[
bewWW + b
ew
ZZ + 2b
ew
AZ
HA
HZ
]
lC +
∑
ϕ=d¯L,uL,W−
Q2ϕ l
em(m2ϕ).
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7. Logarithmic corrections from parameter renormalization
The PR corrections are obtained from the renormalization of the U(1) and SU(2) couplings
[see (7.19)] in the Born amplitude (8.45). For longitudinally polarized final states they
read
δPR
d¯LuL→W+L ZL
= −bewW lPR +∆α(M2W). (8.71)
For transverse polarizations of the final states, as shown in Appendix E, the PR corrections
can be associated to the external gauge-boson lines, and according to (E.9)–(E.12) they
are given by
δPR
d¯LuL→W+TNT
= δPRWW +
∑
N ′=A,Z
δPRN ′N
Md¯LuL→W
+
T
N ′
T
0
Md¯LuL→W
+
T
NT
0
(8.72)
= −1
2
bewWW + ∑
N ′=A,Z
(bewN ′N + EN ′N b
ew
AZ)
HN
′
HN
 lPR +∆α(M2W),
so that
δPR
d¯LuL→W+TAT
= −1
2
[bewWW + b
ew
AA] lPR +∆α(M
2
W),
δPR
d¯LuL→W+TZT
= −1
2
[
bewWW + b
ew
ZZ + 2b
ew
AZ
HA
HZ
]
lPR +∆α(M
2
W). (8.73)
Adding the SL corrections (8.69) and (8.72) for transverse final states, we obtain9
δC
d¯LuL→W+TNT
+ δPR
d¯LuL→W+TNT
=
= 3CewqL lC +
∑
ϕ=d¯L,uL,W−
Q2ϕ l
em(m2ϕ) +
1
2
(1 + δNZ)∆α(M
2
W), (8.74)
where only energy-dependent logarithmic corrections (5.54) that are associated to the
initial states contributes whereas, as shown in (E.13), the energy-dependent logarithms
associated to the final-state gauge bosons are cancelled by the contributions of parameter
renormalization.
8. Numerical evaluation
The coefficients for the various electroweak logarithmic contributions to the relative cor-
rections read
δew
d¯LuL→W+TAT
=
[
−7.86 − 4.47GA−
]
L(s)− 8.95
[
log
|t|
s
+ log
|u|
s
+GA+ log
t
u
]
l(s)
+ 1.32 lZ + 15.42 lC − 5.25 lPR,
δew
d¯LuL→W+TZT
=
[
−7.86 − 4.47GZ−
]
L(s)− 8.95
[
log
|t|
s
+ log
|u|
s
+GZ+ log
t
u
]
l(s)
+ 1.32 lZ +
[
21.77 − 9.57 H
A
HZ
]
lC +
[
−11.60 + 9.57 H
A
HZ
]
lPR,
9In the following formula δNZ represents the Kronecker symbol.
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Figure 8.9: Dependence of the electroweak correction factors δew
d¯LuL→W+TAT
, δew
d¯LuL→W+TZT
,
and δew
d¯LuL→W+L ZL
, on the scattering angle θ at
√
s = 1TeV.
δew
d¯LuL→W+L ZL
= −7.07L(s) +
[
−8.95
(
log
|t|
s
+ log
|u|
s
)
+ 0.86 log
t
u
]
l(s)
+ 0.92 lZ + 24.88 lC − 31.83 lYuk − 14.16 lPR. (8.75)
The angular dependence of the corrections is plotted in Fig. 8.9 for scattering angles
30◦ < θ < 75◦. In this plot, the central angular region, where the LO matrix element
has zeros, has been omitted. The energy dependence of the corrections at θ = 60◦ is
represented in Fig. 8.10.
For a detailed discussion of the behaviour of these corrections and their impact on the
hadronic processes pp→W±γ → lνlγ and pp→W±Z→ lνl l¯′l′ we refer to Ref. [26].
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Appendix A
Conventions for Green functions
Our conventions for Green functions are based on Ref. [52]. In configuration space we use
the equivalent notations
〈0|Tϕi1(x1) . . . ϕin(xn)|0〉 = 〈ϕi1(x1) . . . ϕin(xn)〉 = Gϕi1 ...ϕin (x1, . . . , xn). (A.1)
The fields V aµ ,Φk,Ψj,σ appearing in the Green functions are associated with outgoing
particles or incoming antiparticles, because the corresponding field operators create an-
tiparticles and annihilate particles. The opposite holds for the charge-conjugate fields
V¯ aµ ,Φ
+
k , Ψ¯j,σ.
Fourier transformation is defined with incoming momenta, and the momentum-con-
servation δ-function is factorized as
(2π)4δ(4)
(
n∑
k=1
pk
)
Gϕi1 ...ϕin (p1, . . . , pn)
=
∫ ( n∏
k=1
d4xk
)
exp
−i n∑
j=1
xjpj
Gϕi1 ...ϕin (x1, . . . , xn). (A.2)
The vertex functions are given by the functional derivatives of the corresponding generat-
ing functional Γ,
Γϕi1 ...ϕin (x1, . . . , xn) =
δnΓ{ϕ}
δϕi1(x1) . . . δϕin(xn)
, (A.3)
and their Fourier transforms are defined as in (A.2) for Green functions. For 2-point Green
functions and vertex functions we use the shorthand notations
Gϕiϕ
+
j (p) = Gϕiϕ
+
j (p,−p), Γϕiϕ+j (p) = Γϕiϕ+j (p,−p). (A.4)
For anticommuting fields the sign is inverted when the field arguments are exchanged, i.e.
Gϕiϕ
+
j (p) = −Gϕ+j ϕi(−p), Γϕiϕ+j (p) = −Γϕ+j ϕi(−p), (A.5)
for fermions ϕ = Ψ or ghost fields ϕ = u.
The 2-point vertex functions correspond to the inverse propagators. More precisely∑
ϕk
Γϕ
+
i
ϕk(p)Gϕkϕ
+
j (p) =
∑
ϕk
Gϕ
+
j
ϕk(−p)Γϕkϕ+i (−p) = ±iδϕiϕj , (A.6)
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with + for bosons and − for fermions and ghosts. In the case of fermions with Dirac
indices α, β, γ one has to substitute ϕ+i = Ψ¯α, ϕ
+
j = Ψ¯β, ϕk = Ψγ .
For the truncation of an external leg ϕik in momentum space we adopt the convention
Gϕi1 ... ϕik ... ϕin (p1, . . . , pk, . . . , pn) =
∑
ϕ+
ik
G
ϕikϕ
+
ik (pk)G
ϕi1 ... ϕ
+
ik
... ϕin (p1, . . . , pk, . . . , pn),
(A.7)
where the field argument corresponding to the truncated leg is underlined. The fields
V aµ ,Φk,Ψj,σ in truncated Green functions and vertex functions are associated with incom-
ing particles or outgoing antiparticles, and the opposite holds for the charge-conjugate
fields.
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Appendix B
Representations of the gauge
group
In this appendix, we define the generators of the gauge group and the other group-
theoretical quantities that are used in our generic formulas. Explicit matrix represen-
tations are given in the symmetric basis corresponding to U(1) and SU(2) gauge fields, as
well as in the physical basis corresponding to mass-eigenstate gauge fields.
B.1 SU(2)×U(1) generators
The basic group-theoretical matrices are the generators IV
a
of global transformations
δϕi = ie
∑
V a
∑
ϕi′
IV
a
ϕiϕi′
δθV
a
ϕi′ . (B.1)
According to the notation introduced in Sect. 2.1, the fields ϕi, ϕi′ are understood as the
components of a multiplet ϕ which may represent chiral fermions, gauge-bosons or scalar
bosons. The representation of the matrices IV
a
ϕiϕi′
depends on the multiplet ϕ and is in
general not irreducible. The sums in (B.1) run over all gauge fields V a of the SU(2)×U(1)
group and all components ϕi′ of the multiplet ϕ.
The transformation of the complex-conjugate fields is fixed by the complex conjugation
of (B.1), thus (
IV
a
ϕjϕi
)∗
= −I V¯ a
ϕ+
j
ϕ+
i
, (B.2)
where V¯ a and ϕ+j represent the charge-conjugate of V
a and ϕj , respectively. Since the
representations are unitary, in a real basis (V¯ a = V a) the generators are self-adjoint, and
in general
I V¯
a
=
(
IV
a
)+
, i.e. I V¯
a
ϕiϕj
=
(
IV
a
ϕjϕi
)∗
. (B.3)
Combining (B.3) with (B.2) yields the relation
IV
a
ϕiϕj
= −IV a
ϕ+
j
ϕ+
i
, (B.4)
between transposed components. The generators in the adjoint representation are re-
lated to the structure constants [see (B.40), (B.22) and (B.23)] through the commutation
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relations
[IV
a
, IV
b
]ϕiϕj =
∑
V c
IV
c
ϕiϕj
IV
a
V cV b =
i
sW
∑
V c
εV
aV bV cI V¯
c
ϕiϕj
. (B.5)
For the eigenvalues of diagonal generators (or other diagonal matrices) we use the notation
Iϕiϕi′ = δϕiϕi′ Iϕi . (B.6)
B.2 Symmetric and physical basis for gauge fields
Group-theoretical quantities carrying gauge-boson indices can be expressed in the sym-
metric or in the physical basis. The symmetric basis is formed by the U(1) and SU(2)
gauge bosons, which are an SU(2) singlet and triplet, respectively. These are combined
into the 4-vector
V˜ = (B,W 3,W 1,W 2)T, (B.7)
and all quantities in this basis are denoted by a tilde. The physical basis is given by the
charge and mass eigenstates
V = (A,Z,W+,W−)T, (B.8)
and is related to the symmetric basis by the unitary transformation
V = U(θw)V˜ , U(θw) =

cW −sW 0 0
sW cW 0 0
0 0 1√
2
−i√
2
0 0 1√
2
i√
2

, (B.9)
or
A = cWB − sWW 3, Z = sWB + cWW 3, W± = W
1 ∓ iW 2√
2
. (B.10)
For the Weinberg rotation in the neutral sector we use the shorthands cW = cos θw and
sW = sin θw. In the on shell renormalization scheme the Weinberg angle is fixed by (7.6).
Generators of the gauge group
In the symmetric basis, the generators of the gauge group are given by
I˜B = − 1
cW
Y
2
, I˜W
a
=
1
sW
T a, a = 1, 2, 3, (B.11)
where Y is the weak hypercharge and T a are the components of the weak isospin. These
are related to the electric charge by Q = T 3 + Y/2. As a convention, the generators are
treated as co-vectors
I˜ V˜ = (I˜B , I˜W
3
, I˜W
1
, I˜W
2
) (B.12)
in the symmetric basis, so that they transform to the physical basis
IV = (IA, IZ , IW
+
, IW
−
), (B.13)
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as
IV = I˜ V˜ U+(θw), U
+(θw) = U
−1(θw) =

cW sW 0 0
−sW cW 0 0
0 0 1√
2
1√
2
0 0 i√
2
−i√
2

, (B.14)
or equivalently
IA = −Q, IZ = T
3 − s2
W
Q
sWcW
, I± =
1
sW
T± =
1
sW
T 1 ± iT 2√
2
. (B.15)
Note that, owing to1 (I˜ V˜ )+ = (I˜ V˜ )T, the V¯ a component of the co-vector IV can be
understood as the V a component of the vector I V¯ defined by
I V¯ =
(
IV
)+
=
(
I˜ V˜ U+(θw)
)+
= U(θw)
(
I˜ V˜
)T
, with I V¯
a
=
∑
V˜ b
UV aV˜ b(θw)I˜
V˜ b .
(B.16)
Matrices with gauge-boson indices and their transformation
As a general convention, all matrices that carry two gauge-boson (lower) indices, i.e. the
4 × 4 matrices of the type MV aV b , are transformed as usual matrices. By this we mean
that the the first and second indices transform as a vector and a co-vector, respectively,
i.e.
MV aV b =
[
U(θw)M˜U
+(θw)
]
V aV b
. (B.17)
In the symmetric basis, most of the invariant 4 × 4 matrices can be decomposed into
the U(1) and SU(2) Kronecker matrices
δ˜
U(1)
V˜ aV˜ b
:= δV˜ aBδV˜ bB , δ˜
SU(2)
V˜ aV˜ b
:= δV˜ aV˜ b − δ˜
U(1)
V˜ aV˜ b
, (B.18)
where δV˜ aV˜ b represents the usual Kronecker symbol. In the physical basis, (B.18) translate
into
δU(1) =

c2
W
sWcW 0 0
sWcW s
2
W
0 0
0 0 0 0
0 0 0 0
 , δ
SU(2) =

s2
W
−sWcW 0 0
−sWcW c2W 0 0
0 0 1 0
0 0 0 1
 . (B.19)
We also define the antisymmetric matrix E, whose components are all vanishing except
for EAZ = −EZA = 1, i.e.
E :=

0 1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0
 . (B.20)
1Here the adjoint operation acts as a complex conjugation as well as a transposition of the indices V a
and the representation indices of the matrices I˜ V˜
a
. This identity follows from (I˜ V˜
a
)+ = I˜ V˜
a
.
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This matrix is invariant with respect to Weinberg rotations, i.e.
U(θw)EU
+(θw) = E. (B.21)
Totally antisymmetric tensor and adjoint representation
In the symmetric basis, we define the totally antisymmetric tensor as usual by
ε˜V˜
aV˜ bV˜ c =
 (−1)
p if V˜ aV˜ bV˜ c = π(W 1W 2W 3),
0 otherwise,
(B.22)
where (−1)p represents the sign of the permutation π. In order to preserve a manifestly
totally antisymmetric form, as a convention for the transformation behaviour of (B.22) we
treat all indices as covariant [in the sense of (B.14)]. As a result, in the physical basis we
have
εV
aV bV c = −i×
 (−1)
pUNW 3(θw) if V
aV bV c = π(NW+W−),
0 otherwise,
(B.23)
where (−1)p represents the sign of the permutation π, UAW 3(θw) = −sW and UZW 3(θw) =
cW.
Using the above conventions, we can write the well-known relations for the self-
contraction of the totally antisymmetric tensor in the invariant form∑
V c
εV
aV bV cεV
a′V b
′
V¯ c = δ
SU(2)
V¯ aV a
′ δ
SU(2)
V¯ bV b
′ − δSU(2)
V¯ aV b
′ δ
SU(2)
V¯ bV a
′
∑
V b,V c
εV
aV bV cεV
a′ V¯ bV¯ c = 2δ
SU(2)
V¯ aV a
′ , (B.24)
where the SU(2) Kronecker matrices on the rhs are given by (B.18) or (B.19) depending
on the basis.
As well-known, the generators of the gauge group in the adjoint representation IV
a
V cV b
[see (B.40)] are proportional to the totally antisymmetric tensor. Their transformation
behaviour is as follows: the upper index must transform as a co-vector (B.14) whereas the
two lower indices must transform as in (B.17). Therefore we have
IV
a
V cV b ∝ εV
aV bV¯ c , (B.25)
and we note that care has to be taken in handling the first lower index, which has to be
charge conjugated. In particular, we see that in the physical basis the generators are not
manifestly totally antisymmetric.
B.3 Casimir operator
The electroweak Casimir operator is defined as a sum over the squared U(1) and SU(2)
generators
Cewϕiϕi′ :=
∑
V a=A,Z,W±
(
IV
a
I V¯
a
)
ϕiϕi′
=
1
c2
W
(
Y
2
)2
ϕiϕi′
+
1
s2
W
CSU(2)ϕiϕi′ , (B.26)
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where
CSU(2) =
3∑
a=1
(T a)2 (B.27)
is the SU(2) Casimir operator. For irreducible representations with hypercharge Yϕ and
isospin Tϕ, the SU(2) Casimir operator is given by Tϕ(Tϕ + 1) times the identity matrix.
Therefore for fermions and scalars the electroweak Casimir operator is diagonal and reads
Cewϕiϕi′ = δϕiϕi′
[
Y 2ϕ
4c2
W
+
Tϕ(Tϕ + 1)
s2
W
]
. (B.28)
The adjoint representation (gauge bosons) is not irreducible, since the gauge group is semi-
simple. In this representation, with YV = 0 and TV = 1, the electroweak Casimir operator
is non-diagonal in the neutral components of the physical basis and reads
CewV aV b =
2
s2
W
δ
SU(2)
V aV b
, (B.29)
where δSU(2) is defined in (B.19). In order to isolate the part of Cew associated with the
charged gauge bosons we also introduce
(IW )2 :=
∑
V a=W±
IV
a
I V¯
a
=
CSU(2) − (T 3)2
s2
W
. (B.30)
B.4 Explicit values for Y , Q, T 3, CSU(2), (IA)2, (IZ)2, (IW )2,
Cew, and I±
Here we list the eigenvalues (or components) of the operators Y , Q, T 3, CSU(2), (IA)2,
(IZ)2, (IW )2, Cew, and I±. In our general results, for incoming particles or outgoing
antiparticles the values of the particles have to be used, whereas for incoming antiparticles
or outgoing particles one has to use the values of the antiparticles.
Fermions
The fermionic doublets fκ = (fκ+, f
κ−)T transform according to the fundamental or trivial
representations of SU(2), depending on the chirality κ = L,R. Except for I±, the above
operators are diagonal. For lepton doublets, Lκ = (νκ, lκ)T, their eigenvalues are
Y/2 Q T 3 CSU(2) (IA)2 (IZ)2 (IW )2 Cew
νL(φ∗0), ν¯L(φ0) ∓12 0 ±12 34 0 14s2
W
c2
W
1
2s2
W
1+2c2
W
4s2
W
c2
W
lL(φ−), l¯L(φ+) ∓12 ∓1 ∓12 34 1
(c2
W
−s2
W
)2
4s2
W
c2
W
1
2s2
W
1+2c2
W
4s2
W
c2
W
lR, l¯R ∓1 ∓1 0 0 1 s2W
c2
W
0 1
c2
W
(B.31)
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where in the first two lines the correspondence (B.34) is indicated. For quark doublets,
Qκ = (uκ, dκ)T, the eigenvalues read
Y/2 Q T 3 CSU(2) (IA)2 (IZ)2 (IW )2 Cew
uL, u¯L ±16 ±23 ±12 34 49
(3c2
W
−s2
W
)2
36s2
W
c2
W
1
2s2
W
s2
W
+27c2
W
36c2
W
s2
W
dL, d¯L ±16 ∓13 ∓12 34 19
(3c2
W
+s2
W
)2
36s2
W
c2
W
1
2s2
W
s2
W
+27c2
W
36c2
W
s2
W
uR, u¯R ±23 ±23 0 0 49 49
s2
W
c2
W
0 4
9c2
W
dR, d¯R ∓13 ∓13 0 0 19 19
s2
W
c2
W
0 1
9c2
W
(B.32)
For left-handed fermions, I± are the usual raising and lowering operators, the non-
vanishing components of which read
Iσ
fL
σ′
fL
−σ′
= −Iσ
f¯L
−σ′
f¯L
σ′
=
δσσ′√
2sW
, (B.33)
whereas for right-handed fermions I± = 0.
Scalar fields
The scalar doublet, Φ = (φ+, φ0)
T, Φ∗ = (φ−, φ∗0)T, transforms according to the fun-
damental representation, and its quantum numbers correspond to those of left-handed
leptons (B.31) with
φ+ ↔ l¯ L, φ0 ↔ ν¯L, φ− ↔ lL, φ∗0 ↔ νL. (B.34)
In the physical basis, the φ0 component
2 is parametrized by the neutral mass-eigenstate
fields H and χ,
φ0 =
1√
2
(H + iχ). (B.35)
In this basis, S = (H,χ), the operatorsQ,CSU(2), (IA)2, (IZ)2, and Cew remain unchanged,
while T 3 and Y become non-diagonal in the neutral components
T 3SS′ = −
(
Y
2
)
SS′
= −1
2
 0 i
−i 0
 , (B.36)
so that
IZHχ = −IZχH =
−i
2sWcW
. (B.37)
The I± couplings read
Iσ
Sφ−σ
′ = −Iσ
φσ
′
S
= δσσ′I
σ
S , (B.38)
with
IσH := −
σ
2sW
, Iσχ := −
i
2sW
. (B.39)
2We note that Φ denotes the dynamical part of the Higgs doublet whereas the vev is denoted by v.
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Gauge fields
In the adjoint representation, i.e. for gauge bosons, the generators are fixed by the structure
constants of the gauge group through (B.5) and read
IV
a
V cV b =
i
sW
εV
aV bV¯ c , (B.40)
where ε is the totally antisymmetric tensor given by (B.22) and (B.23) in the symmetric
and physical basis, respectively. In particular, in the physical basis we have
IV
a
V¯ cV b
=

(−1)p+1 if V aV bV c = π(AW+W−),
(−1)p cW
sW
if V aV bV c = π(ZW+W−),
0 otherwise,
(B.41)
where (−1)p represents the sign of the permutation π and care must be taken for the first
lower index V¯ c, which is charge conjugated.
The eigenvalues of the gauge fields in the symmetric basis read
Y/2 Q T 3 CSU(2) (IA)2 (IZ)2 (IW )2 Cew
W± 0 ±1 ±1 2 1 c2W
s2
W
1
s2
W
2
s2
W
W 3 0 0 0 2 0 0 2
s2
W
2
s2
W
B 0 0 0 0 0 0 0 0
(B.42)
In the physical basis, the operators in (B.42) that have vanishing eigenvalues in the neutral
sector remain unchanged, i.e.
Y/2 Q T 3 (IA)2 (IZ)2
W± 0 ±1 ±1 1 c2W
s2
W
Z 0 0 0 0 0
A 0 0 0 0 0
(B.43)
whereas the remaining operators become non-diagonal in the neutral sector and read
Cew =
CSU(2)
s2
W
= (IW )2 =
2
s2
W
δSU(2), (B.44)
with the Kronecker matrix δSU(2) defined in (B.19).
Finally, for the non-vanishing physical components of the I± couplings we introduce
the notation
Iσ
NW−σ
′ = −Iσ
Wσ
′
N
= δσσ′I
σ
N , (B.45)
where IσN = σUNW 3(θw)/sW, with
IσA = −σ, IσZ = σ
cW
sW
. (B.46)
107
B.5 Dynkin operator
The group-theoretical object appearing in gauge-boson self-energy diagrams with internal
particles ϕi, ϕi′ is the Dynkin operator
DewV aV b(ϕ) := Trϕ
{
I V¯
a
IV
b
}
=
∑
ϕi,ϕi′
I V¯
a
ϕiϕi′
IV
b
ϕi′ϕi
, (B.47)
which depends on the representation of the multiplet ϕ. In the symmetric basis Dew is
diagonal and proportional to the Kronecker matrices (B.18). In the physical basis it can
be decomposed into the U(1) and SU(2) parts (B.19) as
DewV aV b(ϕ) = D
ew
B (ϕ)δ
U(1)
V aV b
+DewW (ϕ)δ
SU(2)
V aV b
. (B.48)
For the scalar doublet and the left-handed fermionic doublets, ϕ = Φ, fL,
DewB (ϕ) =
Y 2ϕ
4c2
W
Trϕ{1}, DewW (ϕ) =
1
4s2
W
Trϕ{1}, (B.49)
with
TrfL{1} = 2, TrΦ{1} = 4, (B.50)
i.e. the left-handed doublet is treated as two complex Dirac fields, whereas the scalar
doublet is treated as four real scalar fields3. For the right-handed fermionic singlets,
ϕ = fR, the eigenvalues read
DewB (f
R) =
Y 2
fR
+
+ Y 2
fR−
4c2
W
, DewW (f
R) = 0, (B.51)
and include the sum over the fR+ (up) and f
R− (down) fermions. The explicit values of the
components of the Dynkin operator for the leptonic doublets and for the scalar doublet
are
DewAA D
ew
AZ D
ew
ZZ D
ew
W
Φ 2
s2
W
−c2
W
sWcW
s4
W
+c4
W
s2
W
c2
W
1
s2
W
LL 1
s2
W
−c2
W
2sWcW
s4
W
+c4
W
2s2
W
c2
W
1
2s2
W
LR 1 sW
cW
s2
W
c2
W
0
LL + LR 2
3s2
W
−c2
W
2sWcW
3s4
W
+c4
W
2s2
W
c2
W
1
2s2
W
(B.52)
and for the quark doublets
DewAA D
ew
AZ D
ew
ZZ D
ew
W
QL 59
s2
W
−9c2
W
18sWcW
s4
W
+9c4
W
18s2
W
c2
W
1
2s2
W
QR 59
5
9
sW
cW
5
9
s2
W
c2
W
0
QL +QR 109
11s2
W
−9c2
W
18sWcW
11s4
W
+9c4
W
18s2
W
c2
W
1
2s2
W
(B.53)
3Note that in Ref. [24] also the scalar doublet has been treated as two complex fields. There, we had
TrΦ{1} = 2, so that the Dynkin operator Dew(Φ) was half as large as here but the factor in front of it in
(B.56) was twice as large.
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In the adjoint representation the Dynkin operator corresponds to the electroweak Casimir
operator (B.29),
DewV aV b(V ) = C
ew
V aV b , (B.54)
with eigenvalues
DewB (V ) = 0, D
ew
W (V ) =
2
s2
W
. (B.55)
B.6 β-function coefficients
In gauge-boson self-energies and mixing-energies, the sum of gauge-boson, scalar, and
fermionic loops give the following combination of Dynkin operators
bewV aV b :=
11
3
DewV aV b(V )−
1
6
DewV aV b(Φ)−
2
3
∑
f=Q,L
∑
j=1,2,3
NfC
∑
λ=R,L
DewV aV b(f
λ
j ), (B.56)
which is proportional to the one-loop coefficients of the β-function. This can be decom-
posed into the U(1) and SU(2) invariant parts
bewV aV b = b
ew
B δ
U(1)
V aV b
+ bewW δ
SU(2)
V aV b
, (B.57)
with the Kronecker matrices (B.19). The eigenvalues are given by
bewB = −
41
6c2
W
, bewW =
19
6s2
W
, (B.58)
and describe the running of the hypercharge and weak-isospin coupling constants [cf.
(7.19)], respectively. In the physical basis (B.19), the single components read
bewAA = c
2
W
bewB + s
2
W
bewW = −
11
3
, bewAZ = cWsW(b
ew
B − bewW ) = −
19 + 22s2
W
6sWcW
,
bewZZ = s
2
W
bewB + c
2
W
bewW =
19− 38s2
W
− 22s4
W
6s2
W
c2
W
, bewWW = b
ew
W =
19
6s2
W
. (B.59)
The AA component determines the running of the electric charge, and the AZ component
is associated with the running of the weak mixing angle [cf. (7.16) and (7.17)].
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Appendix C
Electroweak Lagrangian and
Feynman rules
In this appendix, we describe the electroweak Lagrangian [52] and the corresponding Feyn-
man rules using our conventions1. This formulation is invariant with respect to unitary
mixing transformations in the gauge sector. Explicit expressions in the physical or in
the symmetric basis can be obtained using the corresponding representations given in
Appendix B.
In Sects. C.1–C.6 we present the various parts of the electroweak Lagrangian
Lew = Lgauge + Lscalar + LYukawa + Lferm. + Lfix + Lghost, (C.1)
and list the corresponding vertices. Our notation for 3-point vertex functions is
iΓϕi1ϕi2ϕi3 (p1, p2, p3) =
ϕi1(p1)
ϕi2(p2)
ϕi3(p3)
, (C.2)
where all momenta are incoming. A similar notation holds for n-point functions. The
conventions and the Feynman rules for propagators are summarized in Sect. C.7.
The covariant derivative, which generates the gauge interactions, reads
(Dµ)ϕiϕj = δϕiϕj∂µ − ie
∑
V a=A,Z,W±
IV
a
ϕiϕj
V aµ , (C.3)
in our notation.
1The parametrization and the conventions we adopt are equivalent to those of Ref. [52]. However, we
use the generic group-theoretical quantities introduced in Appendix B.
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C.1 Gauge sector
The gauge sector of the Lagrangian,
Lgauge = −1
4
∑
V a
FV a,µνF V¯ aµν , (C.4)
with the field strength tensor
FV aµν =
i
e
[Dµ,Dν ]V
a
= ∂µV
a
ν − ∂νV aµ − ie
∑
V b,V c
IV
b
V aV cV
b
µV
c
ν , (C.5)
gives rise to the triple and to the quartic gauge-boson vertices
V a1µ1 (k1)
V a2µ2 (k2)
V a3µ3 (k3)
=
e
sW
εV
a1V a2V a3
[
gµ1µ2(p1 − p2)µ3 + gµ2µ3(p2 − p3)µ1
+ gµ3µ1(p3 − p1)µ2
]
,
(C.6)
V a1µ1
V a3µ3
V a2µ2
V a4µ4
= −i e
2
s2
W
[
δ
SU(2)
V¯ a1V a2
δ
SU(2)
V¯ a3V a4
(2gµ1µ2gµ3µ4 − gµ1µ3gµ2µ4
− gµ1µ4gµ2µ3) + (2↔ 3) + (2↔ 4)
]
,
(C.7)
where ε is the totally antisymmetric tensor given by (B.22), (B.23) and δSU(2) is the
SU(2) Kronecker matrix defined in (B.19). The gauge-boson propagators depend on the
gauge-fixing Lagrangian and are given in (C.34) and (C.35).
C.2 Scalar sector
The scalar sector of the Lagrangian consists of
Lscalar = [Dµ(Φ + v)]+Dµ(Φ + v) + µ2|Φ+ v|2 − λH
4
|Φ+ v|4
=
1
2
∑
Φi,Φj ,Φk
(D+µ )Φ+
i
Φk
(Dµ)ΦkΦj (Φ + v)i(Φ + v)j
+
µ2
2
∑
Φi
(Φ + v)+i (Φ + v)i −
λH
16
∑
Φi
(Φ + v)+i (Φ + v)i
2 , (C.8)
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where the sums run over the four dynamical components Φi = H,χ, φ
± of the doublet.
The corresponding vev is denoted by
vi = v δHΦi (C.9)
and corresponds to the minimum of the potential. In lowest order, the vev and the
parameters µ, λH of the potential are related to the physical parameters sW, MW and MH
by
µ =
MH√
2
, v =
2sWMW
e
, λH =
e2M2H
2s2
W
M2W
. (C.10)
The kinetic-energy term of (C.8) gives rise to the vertices
V aµ
Φi1(p1)
Φi2(p2)
= ieIV
a
Φ+
i1
Φi2
(p2 − p1)µ, (C.11)
Φi1
Φi2
V a1µ1
V a2µ2
= ie2gµ1µ2
{
IV
a1 , IV
a2
}
Φ+
i1
Φi2
, (C.12)
Φi
V a1µ1
V a2µ2
= ie2vgµ1µ2
{
IV
a1 , IV
a2
}
HΦi
, (C.13)
where the curly brackets denote anti-commutators. From the Higgs potential we obtain
the vertices
Φi1
Φi3
Φi2
Φi4
= −iλH
2
(
δΦ+
i1
Φi2
δΦ+
i3
Φi4
+ δΦ+
i1
Φi4
δΦ+
i3
Φi2
+ δΦ+
i1
Φi3
δΦ+
i2
Φi4
)
,
(C.14)
112
Φi1
Φi2
Φi3
= −iλHv
2
(
δHΦi1 δΦ+i2Φi3
+ δHΦi2 δΦ+i3Φi1
+ δHΦi3 δΦ+i1Φi2
)
,
(C.15)
where δΦiΦj is the usual Kronecker symbol. The propagators for Higgs and would-be
Goldstone bosons are given in (C.36).
C.3 Yukawa sector
In the Yukawa sector, the Lagrangian reads
LYukawa = −
∑
f=Q,L
3∑
i,j=1
(
G
f−
ij f¯
L
i (Φ + v)f
R
j,− +G
f+
ij f¯
L
i (Φ + v)
cfRj,+ + h.c.
)
, (C.16)
where Φ = (φ+, φ0)
T, Φc = (φ∗0,−φ−), multiply the left-handed doublets fLi with flavour
i = 1, 2, 3, and Gf± are the Yukawa matrices for f+ (up) and f− (down) fermions. These
matrices can be diagonalized by the unitary transformations
fκi,σ →
3∑
i′=1
U
fκσ
ii′ f
κ
i′,σ , f = Q,L, κ = R,L, σ = ±,
Gfσij → δijλfi,σ , (C.17)
and the resulting eigenvalues are related to the fermion masses by
λfj,σ =
emfj,σ√
2sWMW
, (C.18)
in lowest order. The mixing transformation enters the interaction through the CKM
matrix
Vij =
3∑
k=1
U
QL
+
ik
(
UQ
L
−
)+
kj
. (C.19)
In order to describe the corresponding effects in a generic way we introduce the matrix2
Uf
κ,V a
jj′ :=

Vjj′ if V
a =W+ and fκ = QL,
V+jj′ if V
a =W− and fκ = QL,
δjj′ otherwise.
(C.20)
2In the calculations we often use the shorthand UV
a
jj′ = U
fκ,V a
jj′
, where the dependence on fκ is implicitly
understood.
113
The Yukawa vertices resulting from (C.16) can be written as3
S
Ψ¯j,σ
Ψj′,σ′
= δσσ′δjj′
λfj,σ√
2
×
 i if S = H,σγ5 if S = χ, (C.21)
φ±
Ψ¯j,σ
Ψj′,σ′
= ∓iδσ±δσ′∓UW±jj′ (ω−λfj,± − ω+λfj′,∓), (C.22)
with the chiral projectors
ω± =
1
2
(1± γ5). (C.23)
C.4 Fermionic sector
The fermionic gauge interactions originate from
Lferm. = i
∑
f=Q,L
3∑
j,j′=1
∑
κ=R,L
∑
σ,σ′=±
f¯κj,σ
[
γµ(Dµ)fκ
j,σ
fκ
j′,σ′
]
fκj′,σ′ , (C.24)
where the generators in the covariant derivative (C.3) for ϕi = f
κ
j,σ have to be understood
as generalized generators4
IV
a
fκ
j,σ
fκ
j′,σ′
:= IV
a
fκσ f
κ
σ′
Uf
κ,V a
jj′ , (C.25)
involving the flavour-mixing matrix (C.20). The resulting fermionic gauge vertices read5
V aµ
Ψ¯j,σ
Ψj′,σ′
= −ieγµ
(
ω+I
V a
fR
j,σ
fR
j′,σ′
+ ω− IV
a
fL
j,σ
fL
j′,σ′
)
. (C.26)
The fermionic propagators originate from Lferm. + LYukawa and are given by (C.39).
3The following vertices correspond to ΓΦiΨ¯j,σΨj′,σ′ = −ΓΦiΨj′,σ′ Ψ¯j,σ .
4In the calculations, we often use the shorthand notation IV
a
σσ′ = I
V a
fκσ f
κ
σ′
, where the dependence on fκ is
implicitly understood.
5The following vertices correspond to Γ
V aΨ¯j,σΨj′,σ′
µ = −ΓV
aΨj′,σ′ Ψ¯j,σ
µ .
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C.5 Gauge-fixing Lagrangian
The gauge-fixing Lagrangian is given by
Lfix = −
∑
V a=A,Z,W±
1
2ξa
CV
a
C V¯
a
, (C.27)
and depends on the gauge parameters ξA, ξZ , and ξ+ = ξ−. A ’t Hooft gauge fixing is
given by
C V¯
a{V,Φ, x} = ∂µV¯ aµ − ievξa
∑
Φi=H,χ,φ±
IV
a
HΦiΦi = ∂
µV¯ aµ − iQV¯ a ξaMV aΦ+a . (C.28)
Here, the Higgs gauge couplings IV
a
HΦi
relate the gauge fields V a = Z,W± to the associated
would-be Goldstone boson fields Φa = χ, φ
± through
ievIV
a
HΦ+
j
= −ievIV aΦjH = iQV¯ a δΦjΦaMV a , |IV
a
HΦj |2 = δΦjΦa
M2V a
4s2
W
M2W
. (C.29)
In the ’t Hooft gauge the contributions of the would-be Goldstone bosons to the gauge-
fixing terms cancel the lowest-order mixing between gauge bosons and would-be Gold-
stone bosons, such that the lowest-order propagators are diagonal. These are given by
(C.34),(C.35) for gauge bosons and by (C.36) for Higgs bosons and would-be Goldstone
bosons.
C.6 Ghost Lagrangian
The ghost Lagrangian corresponding to the gauge-fixing (C.27), (C.28) is given by
Lghost = −
∑
V a,V b
∫
d4y u¯a(x)
δCV
a
(x)
δθV b(y)
ub(y) (C.30)
=
∑
V a,V b
(∂µu¯a) (Dµ)V aV b ub − ξae2v∑
Φi
(
I V¯
a
IV
b
)
HΦi
Φiu¯
aub
 ,
where the ghost and antighost fields are denoted by6 ua = uV
a
and u¯a = u¯V
a
. The
Lagrangian (C.30) generates the vertices
V aµ
u¯b(pb)
uc(pc)
=
e
sW
εV
aV¯ bV cpbµ, (C.31)
6The ghosts and antighosts transform as vectors and covectors, respectively, under mixing transforma-
tions (B.9). In particular, u± = (u1 ∓ iu2)/√2 and u¯± = (u¯1 ± iu¯2)/√2.
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Φi
u¯a(pa)
ub(pb)
= iξae
2v
(
I V¯
a
IV
b
)
HΦi
. (C.32)
The propagators for ghost fields are given by (C.40).
C.7 Feynman rules for propagators
For the propagators of commuting fields we use the notation
Gϕiϕ
+
j (p) =
ϕi(p) ϕ
+
j (−p)
. (C.33)
The gauge-boson propagators read
V aµ (p) V¯ bν (−p)
=
(
gµν − pµpν
p2
)
GV
aV¯ b
T (p
2) +
pµpν
p2
GV
aV¯ b
L (p
2), (C.34)
with
GV
aV¯ b
T (p
2) =
−iδV aV b
p2 −M2V a
, GV
aV¯ b
L (p
2) =
−iξaδV aV b
p2 − ξaM2V a
. (C.35)
The propagators for Higgs bosons and would-be Goldstone bosons Φa,b = H,χ, φ
± are
given by
Φa(p) Φ
+
b (−p)
=
iδΦaΦb
p2 −M2Φa
, (C.36)
with
M2Φa =
 M
2
H if Φa = H,
ξaM
2
V a if Φa = χ, φ
±,
(C.37)
where V a = Z,W± are the weak gauge bosons associated to the would-be Goldstone
bosons Φa = χ, φ
±. For the propagators of anticommuting fields we adopt the notation
Gϕiϕ
+
j (−p) = ±Gϕ+j ϕi(p) =
ϕi(−p) ϕ+j (p)
. (C.38)
The fermionic propagators are given by
Ψα(−p) Ψ¯β(p)
=
i(p/+m)αβ
p2 −m2 , (C.39)
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where α, β are the Dirac indices, and the remaining indices are implicitly understood.
Finally, the ghost-field propagators read
ua(−p) u¯b(p)
=
iδV aV b
p2 − ξaM2V a
. (C.40)
117
Appendix D
BRS transformations
In this appendix we summarize the explicit form of the gauge transformations and BRS
transformations in the electroweak Standard Model. As in Appendix C we follow the
conventions of Ref. [52] but we use the generic notation introduced in Appendix B.
D.1 Gauge transformations
The classical Lagrangian of the electroweak Standard Model,
Lcl. = Lgauge + Lscalar + LYukawa + Lferm., (D.1)
is invariant with respect to gauge transformations of the physical fields and would-be
Goldstone bosons which can generically be written as
δϕi(x) =
∑
V a=A,Z,W±
XV aϕi δθV a(x) + ie∑
ϕi′
IV
a
ϕiϕi′
δθV
a
(x)ϕi′(x)
 . (D.2)
The matrices IV
a
ϕiϕi′
are the SU(2) × U(1) generators in the representation of the fields
ϕi (see Appendix B), and the linear operator X
V a
ϕi
represents the transformation of free
fields.
Scalar bosons
For scalar bosons, ϕi = Φi + vi, only the dynamical part Φi = H,χ, φ
± transforms
δvi = 0, δΦi(x) = ie
∑
V a,Φi′
IV
a
ΦiΦi′
δθV
a
(x) [Φi′(x) + vi′ ] , (D.3)
so that the operator XV
a
Φi
in (D.2) is determined by the contribution of the vev (C.9), and
reads
XV
a
Φi δθ
V a(x) = ievIV
a
ΦiHδθ
V a(x) = −iQV¯ a δΦiΦaMV aδθV
a
(x), (D.4)
where Φa = χ, φ
± are the would-be Goldstone bosons associated to the gauge fields V a =
Z,W±.
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Gauge bosons
For gauge bosons, ϕi = V
b = A,Z,W±, we have
XV
a
V bµ
δθV
a
(x) = δV aV b∂µδθ
V a(x), (D.5)
which in momentum space leads to
XV
a
V bµ
δθV
a
(p) = ipµδV aV bδθ
V a(p). (D.6)
Fermions
For fermions, ϕi = Ψ
κ
j,σ,
XV
a
Ψκ
j,σ
δθV
a
(x) = 0, (D.7)
and the gauge transformation of the mass-eigenstate fermions is determined by the gen-
eralized generators (C.25), which involve the flavour-mixing matrix (C.20).
D.2 BRS transformations
The gauge-fixing terms (C.27) and the corresponding ghost terms (C.30) break the gauge
invariance of the classical electroweak Lagrangian. However, the complete electroweak
Lagrangian is invariant with respect to BRS transformations [56] of the ghost and physical
fields.
The BRS transformation of the physical fields corresponds to a local gauge transforma-
tion (D.2) with gauge-transformation parameters δθV
a
(x) = δλua(x) determined by the
ghost fields ua(x) and the infinitesimal Grassman parameter δλ. To be precise, the BRS
variation sϕi (x ) is defined as left derivative
1 with respect to the Grassman parameter δλ,
i.e. δϕi(x) = δλ sϕi (x ), and reads
sϕi (x ) =
∑
V a=A,Z ,W±
XV aϕi ua(x ) + ie∑
ϕi′
IV
a
ϕiϕi′
ua(x )ϕi ′(x )
 . (D.8)
The BRS variation for charge-conjugate fields is obtained from the adjoint of (D.8) as
sϕ+i (x ) =
∑
V a=A,Z ,W±
XV a
ϕ+
i
ua(x )− ie
∑
ϕi′
ua(x )ϕ+i ′ (x )I
V a
ϕi′ϕi
 , (D.9)
where we have used (B.3).
The BRS variation of the ghost fields is given by
sub(x ) =
ie
2
∑
V a ,V c=A,Z ,W±
IV
a
V bV cu
a(x )uc(x ), (D.10)
1The product rule for a Grassman left derivative is s(ϕiϕj ) = (sϕi)ϕj +(−1 )Niϕisϕj , where Ni is given
by the ghost plus the fermion number of the field ϕi.
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and the BRS variation of the antighost fields is determined by the gauge-fixing functionals
(C.28) and reads
su¯a(x ) = − 1
ξa
C V¯
a{V,Φ, x} = − 1
ξa
∂µV¯ aµ + iev
∑
Φi=H,χ,φ±
IV
a
HΦiΦi
= − 1
ξa
∂µV¯ aµ + i
QV¯ aMV aΦ
+
a . (D.11)
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Appendix E
Production of transverse gauge
bosons in fermion–antifermion
annihilation
For transverse W-pair production, we have observed in Sect. 8.2 that the symmetric elec-
troweak parts of the PR contributions (7.2) and of the mass-singular SL corrections (5.4)
which are associated to the external transverse gauge bosons cancel exactly. Here we
illustrate how this cancellation takes place for all processes of the type
fκj,σf¯
κ
j′,σ′ → V a1T · · ·V anT , (E.1)
where an arbitrary number n of neutral or charged transverse gauge bosons V akT =
AT,ZT,W
±
T are produced in fermion–antifermion annihilation. The mass-singular SL cor-
rections for the process (E.1) which are associated to the external particles read
δCMfκj,σ f¯κj′,σ′V
a1
T
... V
an
T =
(
δCfκ
j,σ
fκ
j,σ
+ δCfκ
j′,σ′
fκ
j′,σ′
)
Mf
κ
j,σ
f¯κ
j′,σ′
V
a1
T
... V
an
T
0
+
n∑
k=1
δC
V
a′
kV ak
Mf
κ
j,σ
f¯κ
j′,σ′
V
a1
T
... V
a′
k
T
... V
an
T
0 , (E.2)
where the correction matrix associated to the external transverse gauge bosons is given
in (5.38). Recall that, owing to the non-diagonal δCAZ component (5.39), this matrix gives
rise to mixing between matrix elements involving external Z bosons and photons.
For the processes of type (E.1), it turns out that in the high-energy limit also the con-
tribution of coupling-constant renormalization can be written as a sum over the external
gauge bosons. This can be easily shown, relating the physical gauge bosons in (E.1) to
their gauge-group eigenstate components (B.7). In the high-energy limit, if one neglects
all mass terms in the propagators, the Born matrix element for the process (E.1) can be
written as1
Mff¯V
a1
T
... V
an
T
0 =
∑
V˜
a′
1 ,...,V˜ a
′
n
M˜ff¯ V˜
a′
1
T
... V˜
a′n
T
0
n∏
k=1
U−1
V˜
a′
kV ak
(θw), (E.3)
1The gauge-boson indices of matrix elements transform as co-vectors (B.14).
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where the indices of the fermions have been suppressed. The Born matrix elements on the
rhs correspond to the processes
fκj,σf¯
κ
j,σ′ → V˜ a
′
1
T · · · V˜ a
′
n
T , (E.4)
where gauge-group eigenstates V˜ a
′
k = W i or B are produced. The dependence of these
processes on the coupling constants can be easily related to the external gauge-boson lines.
The Born matrix elements for (E.4) are proportional to a factor g1 for each U(1) gauge
boson and a factor g2 for each SU(2) gauge boson. Therefore, using the diagonal matrix
G˜V˜ a′ V˜ a = g1δ˜
U(1)
V˜ a
′
V˜ a
+ g2δ˜
SU(2)
V˜ a
′
V˜ a
, (E.5)
with the U(1) and SU(2) Kronecker matrices defined in (B.18), we can write
M˜ff¯ V˜
a1
T
... V˜
an
T
0 =
∑
V˜
a′
1 ,...,V˜ a
′
n
A˜
ff¯ V˜
a′
1
T
... V˜
a′n
T
0
n∏
k=1
G˜
V˜
a′
k V˜ ak
, (E.6)
and (E.3) becomes
Mff¯V
a1
T
... V
an
T
0 =
∑
V˜
a′
1 ,...,V˜ a
′
n
A˜
ff¯ V˜
a′
1
T
... V˜
a′n
T
0
n∏
k=1
[
G˜U−1(θw)
]
V˜
a′
kV ak
, (E.7)
where the amplitudes A˜0 are independent of the coupling constants. The renormalization
of the coupling constants (and of the mixing angle) gives
δ
(
n∏
k=1
[
G˜U−1(θw)
]
V˜
a′′
kV ak
)
=
=
n∑
l=1
∏
k 6=l
[
G˜U−1(θw)
]
V˜
a′′
kV ak
[
δG˜U−1(θw) + G˜δU−1(θw)
]
V˜
a′′
l V al
=
∑
V
a′
1 ,...,V a
′
n
n∏
k=1
[
G˜U−1(θw)
]
V˜
a′′
kV
a′
k
×
n∑
l=1
∏
j 6=l
δ
V
a′
jV
aj
[U(θw)δG˜
G˜
U−1(θw) + U(θw)δU−1(θw)
]
V
a′
lV al
. (E.8)
Therefore, the correction to (E.7) originating from the parameter renormalization can be
written as a sum over the external gauge bosons
δPRMff¯V a1T ... V anT =
n∑
k=1
∑
V
a′
k
δPR
V
a′
kV ak
Mff¯V
a1
T
... V
a′
k
T
... V
an
T
0 , (E.9)
with
δPR
V a
′
V a
=
{[
U(θw)
δG˜
G˜
U−1(θw)
]
V a
′
V a
+
[
U(θw)δU
−1(θw)
]
V a
′
V a
}∣∣∣∣∣
µ2=s
. (E.10)
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The first term originates from the renormalization of (E.5) and is rotated as in (B.17).
With the rotated U(1) and SU(2) Kronecker matrices (B.19), and according to (7.19) it
yields [
U(θw)
δG˜
G˜
U−1(θw)
]
V a
′
V a
=
δg1
g1
δ
U(1)
V a
′
V a
+
δg2
g2
δ
SU(2)
V a
′
V a
LA
= −1
2
α
4π
bew
V a
′
V a
log
µ2
M2W
+
1
2
∆α(M2W)δV a′V a , (E.11)
where the matrix bew, corresponding to the one-loop coefficients of the beta function,
is defined in Appendix B.6. The second term is related to the renormalization of the
Weinberg angle (7.17), and in LA it yields
[
U(θw)δU
−1(θw)
]
V a
′
V a
= − cW
2sW
δc2
W
c2
W
EV a′V a
LA
= −1
2
α
4π
bewAZEV a′V a log
µ2
M2W
, (E.12)
where E is the antisymmetric matrix defined in (B.20).
Adding the contributions of parameter renormalization (E.9) and the mass-singular
SL corrections (5.38) associated with the external transverse gauge bosons, we obtain
δPR
V a
′
V a
+ δC
V a
′
V a
=
1
2
(
δV a′V a − δV aAδV a′A
)
∆α(M2W) + δV a′V aQ
2
V a
α
4π
log
M2W
λ2
. (E.13)
In this sum all symmetric-electroweak logarithms, i.e. all log (s/M2W) terms which grow
with energy cancel. Therefore, apart for the contributions in (E.2) that are associated with
the fermionic initial states, only large logarithms of pure electromagnetic origin contribute
to the the complete SL corrections. Note that this cancellation between PR and collinear
logarithms is a consequence of Ward identities, like the identity between the electric charge
and the photonic FRC in QED.
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Appendix F
Leading logarithms from 2-point
functions and their derivatives
In this appendix, we present explicit results for the logarithmic approximation of 2-point
functions and their derivatives. These have been used in Ch. 5 and Ch. 7 for the eval-
uation of the logarithmic contributions to field renormalization constants (FRC’s), and
parameter-renormalization counterterms, respectively.
F.1 Definitions
For n-point functions we use the same notation as in Ref. [46]. In this appendix we restrict
ourselves to the scalar 1-point function A0, and the scalar and tensor 2-point functions
B0, Bµ, and Bµν , which are defined by
i
(4π)2
A0(m0) := µ
4−D
∫
dDq
(2π)D
1
(q2 −m20 + iε)
, (F.1)
i
(4π)2
B{0,µ,µν}(p,m0,m1) := µ4−D
∫
dDq
(2π)D
{1, qµ, qµqν}
(q2 −m20 + iε)[(q + p)2 −m21 + iε]
.
These integrals are evaluated in D = 4 − 2ε dimensions, and µ is the mass scale intro-
duced by the procedure of dimensional regularization. For completeness we also give the
definition of the scalar 3-point function
i
(4π)2
C0(p1, p2,m0,m1,m2) := (F.2)
µ4−D
∫
dDq
(2π)D
1
(q2 −m20 + iε)[(q + p1)2 −m21 + iε][(q + p2)2 −m22 + iε]
,
which is used in Sect. 3.1. The tensor 2-point integrals have the following Lorentz–
invariant decompositions:
Bµ(p,m0,m1) := pµB1(p
2,m0,m1),
Bµν(p,m0,m1) := gµνB00(p
2,m0,m1) + pµpνB11(p
2,m0,m1). (F.3)
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Derivatives are denoted by
B′(p2,m0,m1) :=
∂
∂p2
B(p2,m0,m1). (F.4)
F.2 Logarithmic approximation
Generic massive self-energy diagrams
m0
m1
p
(F.5)
depend on four mass scales: the external mass p2, the internal masses m20 and m
2
1 and
the scale µ2 of dimensional regularization. In the following, we restrict ourselves to those
diagrams which contribute to the electroweak FRC’s and to the coupling-constant coun-
terterms. The corresponding scalar and tensor 2-point functions and their derivatives are
evaluated in the limit
µ2 ∼ s≫ p2,m20,m21, (F.6)
in logarithmic approximation (LA). In this approximation, only logarithms involving large
ratios of the scales µ2, p2,m20,m
2
1 are considered. The ultraviolet 1/ε poles as well as
constant and mass-suppressed contributions are neglected. Also the imaginary part of the
integrals is neglected, since we restrict ourselves to one-loop approximation.
As basic input for the logarithmic approximation we have used
A0(m0)
LA
= m20 log
µ2
m20
, (F.7)
for the 1-point function and the explicit expressions [46]
B0(p,m0,m1)
LA
= log
µ2
m20
+
1
2
(
1− m
2
0 −m21
p2
)
log
m20
m21
+
1
2
m0m1
p2
(
r − 1
r
)
log r2,
p2B′0(p,m0,m1)
LA
=
1
2
{
m21 −m20
p2
log
m21
m20
−
[
m0m1
p2
(
r − 1
r
)
+
r2 + 1
r2 − 1
]
log r2
}
,
(F.8)
for the scalar 2-point function and its derivative, where r is determined by
r +
1
r
=
m20 +m
2
1 − p2 − iε
m0m1
. (F.9)
The components B1, B00, B11 of tensor 2-point functions and the derivatives B
′
1, B
′
00 can
be obtained from (F.7) and (F.8) using simple reduction formulas [46].
The formulas (F.8) and the resulting formulas for the tensor components can be further
simplified if some ratios of the masses p2,m20,m
2
1 are very small (or very large). In this case,
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the result (F.8) has to be expanded up to the needed power in the small mass ratios, and
care has to be taken if inverse powers of the small expansion parameters occur, especially
in the reduction formulas.
Different expansions have to be performed, depending on the hierarchy of the masses
p2,m20,m
2
1. For this reason, we have to distinguish the following four cases
(a) m2i ≪ p2 and p2 −m21−i ≪ p2 for i = 0 or i = 1,
(b) not (a) and m2i 6≫ p2 for i = 0, 1,
(c) m20 = m
2
1 ≫ p2,
(d) m2i ≫ p2 6≪ m21−i for i = 0 or i = 1, (F.10)
which include the possible hierarchies occurring in electroweak self-energy diagrams. Note
that, in practice, the case (a) occurs only for diagrams involving a virtual photon with
infinitesimal mass mi = λ. Therefore, we can restrict ourselves to the special case
(a′) m2i = λ
2 ≪ p2 = m21−i for i = 0 or i = 1. (F.11)
F.3 Results
It turns out that each 2-point function considered in this section has the same logarithmic
approximation in all four cases (F.10), apart from the derivatives B′0 and B′1, which give
rise to additional infrared logarithms in the case (a′).
In the explicit results presented below, the scale of the logarithms is determined by
M2 := max (p2,m20,m
2
1), m
2 := max (m20,m
2
1), (F.12)
and the logarithmic approximation for B11 can be read off from the results for B00 and
gµνBµν(p,m0,m1) = DB00(p
2,m0,m1) + p
2B11(p
2,m0,m1). (F.13)
Results for 2-point functions
The logarithmic approximations in this section are valid in all four cases (F.10).
B0(p,m0,m1)
LA
= log
µ2
M2
,
B1(p
2,m0,m1)
LA
= −1
2
log
µ2
M2
,
1
p2
B00(p
2,m0,m1)
LA
=
3m20 + 3m
2
1 − p2
12p2
log
µ2
M2
,
1
p2
gµνBµν(p
2,m0,m1)
LA
=
m20 +m
2
1
p2
log
µ2
M2
. (F.14)
For p2 = 0 we have
gµνBµν(0,m0,m1) = DB00(0,m0,m1)
LA
= (m20 +m
2
1) log
µ2
m2
,
B0(0,m0,m1)
LA
= log
µ2
m2
,
B1(0,m0,m1)
LA
= −1
2
log
µ2
m2
, (F.15)
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and since (m20 +m
2
1)/p
2 log (M2/m2) is always suppressed, it follows that
B0(p,m0,m1)−B0(0,m0,m1) LA= − log M
2
m2
,
B1(p
2,m0,m1)−B1(0,m0,m1) LA= 1
2
log
M2
m2
,
1
p2
[
B00(p
2,m0,m1)−B00(0,m0,m1)
]
LA
= − 1
12
log
µ2
M2
,
1
p2
[
gµνBµν(p
2,m0,m1)− gµνBµν(0,m0,m1)
]
LA
= 0. (F.16)
Note that all results in this section are explicitly symmetric with respect to exchange of
the internal masses m0 and m1.
Results for derivatives of 2-point functions
In the cases (b), (c), (d) in (F.10) the derivatives of B0 and B1 are given by
p2B′0(p,m0,m1) = p
2B′1(p
2,m0,m1)
LA
= 0, (F.17)
in logarithmic approximation. In the case (a′) in (F.11), i.e. for photonic diagrams, we
have the additional infrared logarithms
p2B′0(p,m0,m1)
LA
=
1
2
log
m21−i
m2i
=
1
2
log
p2
λ2
,
p2B′1(p
2,m0,m1) +
1
2
p2B′0(p,m0,m1)
LA
= −1
4
log
m20
m21
. (F.18)
Note that the first expression is symmetric with respect to exchange of the internal masses,
whereas the second one is antisymmetric. Finally,
B′00(p
2,m0,m1)
LA
= − 1
12
log
µ2
M2
(F.19)
in all four cases (F.10).
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